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CHAPTER I 
INTRODUCTION 
1. Motivation and summary 
The purpose of this work is to describe the low-energy baryon-baryon 
interactions in a relativistic way. Due to the lack of experimental 
knowledge, the study of the Ъагуоп-Ъагуоп interactions will Ъе confined 
to nucleon-nucleon and hyperon-nucleon scattering. Recently there have 
been sucoesful attempts (¡Na 75}ι[Rij 75}) to describe these inter­
actions employing non-relativistic Schrodinger equation type models 
with local one-boson-exchange potentials derived from field theory. We 
want to go on into that direction in using a relativistic generalization 
of the equations and the potentials. At present this implies that it is 
easier to use the momentum representation for the description of the 
interactions. This has the advantage that we don't have to calculate 
the Fourier transforms of the potentials with its ambiguous approximations. 
We are thus looking for a relativistic generalization of the Lippmann-
Schwinger equation. There is a large class of three-dimensional 
*) 
equations ' satisfying two-particle unitarity and relativistic 
covariance that reduce to the Lippmann-Schwinger equation for small 
momenta. Writing down just an equation that satisfies these requirements 
( as has been done by some authors [Br 69] , [ño Ί2~\ ), leaves too much 
room for arbitrariness. Therefore one mostly derives a three-dimensional 
equation in reducing it from the four-dimensional Bethe-Salpeter equation 
With three-dimensional equation we mean an integral equation that 
involves integrations over three-momenta only, i.e. in which no 
integration occurs over the fourth components of the momenta, this 
in contrast with the four-dimensional equations (for example the 
Bethe-Salpeter equation ). 
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([BI 66],[Th 70j,[Pa 70],[Gr 69],[Ge 75J), or one tries to generate such 
an equation in a relativistic generalization of the perturbation 
expansion ([Lo 63],[Ka 6θ]). 
The Bethe-Salpeter equation itself ( [Sa 5lJ,[Ge 51], [sch 51] ) is a 
relativistic two-particle equation whose solutions should reproduce the 
S-matrix elements resulting from field theory. But at present it is very 
hard to do a combined nucleon-nucleon and hyperon-nucleon fit with the 
Bethe-Salpeter equation, even in the ladder approximation, because it 
would require a huge amount of computing time. Besides that, the value 
of the Bethe-Salpeter equation for the strong interactions is doubtful. 
One always has to neglect an infinite set of Feynman diagrams whose 
contribution to the scattering amplitude is not known and it is 
questionable whether a nuoleon can be treated as a non-composite particle 
in the way as is done in field theory. Nevertheless we want to use the 
Bethe-Salpeter equation as the starting point of the derivation of the 
three-dimensional equation for reasons explained below. 
Besides the equations, we are dealing with potentials. Mostly these 
potentials are derived from field theory. For example in the one-boson-
exchange-potential models ( OBEP-models ), the potentials are the 
Feynman diagrams in which one meson is exchanged between the baryons. 
Sometimes one tries to generate these potentials ( partly ) from other 
sources e.g. Regge poles [Rij 75] or dispersion relations [Co 63],[Ch 72]. 
Our equations are off-the-mass-shell equations which means that we have 
to know the potentials for off-shell momenta. One could make numerous 
different off-shell extrapolations when only on-shell potentials are 
available. At present, field theory is the only source from which we 
can extract information about the off-shell continuation of the poten­
tials. Therefore and in view of the succes of the relativistic OBEP-
models in the description of the low-energy nucleon-nucleon data, we 
decided to use the field theoretical Born terms for the OBE potentials 
with an off-shell extrapolation as indicated by field theory, in this 
case the Bethe-Salpeter equation. 
Thus we will derive the three-dimensional equation and the off-shell 
potentials as if our equation is an approximation to the Bethe-Salpeter 
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equation, keeping relativistic covariance and two-particle unitarity 
and requiring that the equation reduces to the Lippmann-Schwinger 
equation for small momenta. We shall follow the procedure of Blanken-
becler and Sugar [BI 66J and Logunow and Tavkhelidze [Lo 63], often we 
will refer to the resulting equation as the BSLT-equation. The derivation 
will be presented in chapter II. Moreover we will indicate there some 
ambiguities which are still left by the procedure. We will show also 
how much simpler the three-dimensional equations are than the Bethe-
Salpeter equation. 
But still we are dealing with three-dimensional integrations. It is 
therefore useful to reduce the complexity of the equations by employing 
the conservation of the total angular momentum in performing its partial 
wave decomposition, whioh leaves us integral equations with one-
dimensional integrations only. This will be done in chapter III. 
Furthermore we will use parity conservation in making the transition 
from the helicity representation to the LSJ representation, in which the 
equations again become a little bit simpler. 
In the derivation of the BSLT-equation, it is assumed that the total 
energy is such that all channels are open. Because the Λ ρ scattering 
data are at energies below the ¿IN thresholds, we need to make an 
analytic continuation of the equation and the potentials. In chapter VI 
( section 3 ) we show how to use the equations when some or all channels 
are closed. Then we have to solve a set of complex integral equations. 
But it turns out that for the calculation of the ΛΝ scattering 
observables in the (ΛΝ, ZN) coupled channel problem below the ZN 
threshold we may restrict ourselves to real equations. 
We consider the exchanges of pseudoscalar, scalar and vector mesons. 
Because our off-shell potentials are determined by the field theoretic 
( off-shell) Feynman diagrams for the exchanges of these mesons, the 
interactions between the baryons and the mesons are best described in 
terms of interaction Lagrangians· The coupling constants appearing in 
these interaction Lagrangians form the most important set of free 
parameters. But the number of coupling constants is so large that we 
have to use some symmetry properties to reduce the number of free 
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parameters. So we will assume an internal symmetry group for the inter­
actions. The easiest way to incorporate such a symmetry is via the 
interaction Lagrangians. 
In the first place we decided to assume isospin symmetry rigorously. 
This means that we use one value for the masses of the members of an 
isospin multiplet and we do not include the Coulomb interactions 
between the charged particles. It has the advantage that we don't have 
to solve the equations for three coupled channels ( in Λρ or £~p ) 
but may restrict ourselves to one- and two-channel equations. It implies 
also that we can not include those experimental datapoints that are 
believed to be influenced strongly by isospin symmetry breaking effects 
e.g. the proton-proton scattering length and effective range and the 
£ ρ capture ratio at rest. We correct approximately for Coulomb effects. 
Applying isospin symmetry for the interactions still leaves us 44 free 
parameters for the coupling constants. We have also a large number of 
these because of the formfactors. This is far too much,so let us try 
SU(3) symmetry. This brings us at another important topic of this work : 
to see how well SU(3) symmetry is satisfied in the baryon-baryon inter­
actions. We know that this symmetry is badly broken. The requirement 
that the masses of an SU(3) multiplet are equal is strongly violated. 
So let us accept the breaking of SU(3) symmetry via the masses of the 
particles. Note that using the physical masses does not only give a 
kinematical breaking but also a dynamical one because the particle 
masses appear in the expressions for the potentials. But let us assume 
SU(3) symmetry for the coupling constants and the formfactors. We admit 
the breaking via the octet-singlet mixing of the meson nonets, because 
this is related to the masses of the particles via the Gell-Mann-Okubo 
mass formula. 
We mentioned already that the easiest way to include a symmetry for the 
interactions is via the interaction Lagrangians. So, in chapter V, we 
construct field-theoretic interaction Lagrangians which are invariant 
under SU(3) transformations. This will give us a set of relations 
between the coupling constants which are used in the potentials. These 
relations will be changed only through the octet-singlet mixing. 
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We have obtained the required relations and the potentials, but there 
are still a few topics left which have to be considered. Firstly we 
have to use a formfactor to make the equations soluble and to represent 
effects not taken into account sofar : compositeness of the baryons, 
short range interactions due to the exchanges of heavy mesons and so 
on. It is not yet completely clear how these formfactors should look 
like. Most models employ a quadratic cut-off but according to some 
theories (e.g. Regge poles) exponential formfactors should be used 
[Sch 72] , [Ri j 75]. In this thesis we show that the shape of the form-
factor is not very important as long as it damps the potentials for 
large momenta and as long as it has the right small momentum behaviour. 
Even quadratic and linear formfactors are compatible although the 
equations with the linear formfactor don't satisfy the Fredholm 
condition. We require SU(3) symmetry for the formfactors, that is, we 
use a separate formfactor for each irreducible representation of SU(3) 
participating. So we should have five independent formfactors for the 
-к 
the five representations ^27} , {10 j , (.10 \ , 18 J , [B } . However 
the channels are not eigenchannele of SU(3). Therefore we use a separate 
formfactor for the representations {27} , {10 J , {10| , {10 J © (θ | 
and \27| © {θ„( , containing the states to be considered. 
Next we have the problem of the £ and the y meson. The <f meson has 
such a large width that we think that we should try to correct for it. 
In section Г .6 we derive a correction for the large decay width of the 
J meson, based on an effective range formula derived from dispersion 
theory [Ch 60], [Go 69J. Vie derive a similar correction for scalar 
mesons. Because of our assumption that the mesons appear in nonets, we 
accept a singlet scalar meson. But there are large uncertainties about 
this e meson experimentally. Therefore, instead of applying the 
correction formulas to a particular value for the mass and the width 
of the ε meson, we varied both within the experimental bounds and 
estimated an average value of 56O MeV/c for the effective mass of the 
e meson. Note that the potential due to the exchange of this meson is 
one of the most important potentials in the OBEP-models. Using the 
value of 56O MeV/c as the real mass of the ε meson, we estimated in 
our fit to the experimental data the octet-singlet mixing angle of the 
scalar nonet : 
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θ » 25.4 degrees. 
Note however that this estimation is linked with the value for the 
F/(F+D)-ratio of the scalar octet 
oCS = 0.955 . 
The calculations resulted in a reasonable fit to the nucleon-nucleon 
ρ 
data represented Ъу phase shifts ( X /datapoint = 3.9 ), reasonable 
values for the low-energy parameters of the nucleon-nucleon system and 
an excellent fit to the hyperon-nucleon data ( X /datapoint = 0.7 ). 
Although we did not fit for the binding energy of the deuteron, we came 
out with a value €_ - 2.340 MeV, not too far from the experimental 
number. Employing the analytic extension of our equations below the 
thresholds, we found that the effective range expansion is good enough 
for our type of equations to relate the deuteron binding energy with 
the low-energy scattering parameters. 
We did not fit for the £~p capture ratio at rest either, because this 
number is very strongly influenced by the isospin-symmetry breaking 
effects through the masses of the baryons. We surprisingly get a value 
of г_-0.4б0 which is very close to the experimental value when we 
calculate r_ at the energy with respect to the Σ η threshold. For the 
Лр - system we predict values for the low-energy parameters deviating 
from the results of other OBEP-models ([Rij 75],[Na 75])· The require­
ment la | > la.I, originating from calculations on hypernuclei is in our 
S ь 
case better satisfied. Our values for the effective ranges are much 
smaller than theirs. As in their work, a pronounced cusp at the £N 
threshold is present. Most remarkable is the fact that our model predicts 
а Лр S Q resonance at ρ = 568 MeV/c indicating a strong attraction 
in the ΣΙΝ I»2- S. state. At present there is no experimental evidence 
for such a resonance but the energy resolution and the statistics in 
this energy region is rather poor. Experimentally, a possible resonance 
at a few MeV below the EN threshold had gained much attention [CI 6β], 
[Al 69],[ci 69], but those interactions took place probably in the S, 
state. As Nagels and Rijken, we don't see structure in the S. Лр cross 
sections except for the cusp at the £N threshold. 
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2. The Ъагуоп-Ъагуоп aystem 
We shall study the interactions of the lowest lying Ъагуопз. In 
table I.lf we have summarized the properties of those , that are stable 
with respect to the strong interactions, i.e. having a lifetime longer 
than '•ч ІО- sec. 
Ъагуоп 
Ρ 
η 
A 
E" 
— ч * 
i r 
mass ÍMeV] 
938.2796 + 0.0027 
939.5731 ± 0.0027 
1115.60 + 0 .05 
1189.37 ± 0.06 
1192.48 + 0 .08 
1197.35 ± 0.06 
1314.9 ± 0 .6 
1321.29 ± 0 .14 
1672.2 + 0 .4 
1
 h 
0 0 
1 +1 
1 0 
1 - 1 
i -i 
0 0 
Y 
1 
1 
0 
0 
0 
0 
- 1 
- 1 
-2 
j p 
Ϋ 
Ϋ 
ΐ 
я. 
+1 
0 
0 
+1 
0 
-1 
0 
- 1 
- 1 
ТаЪІе I.l. Properties of the stable baryons, grouped 
into isospin multiplets. 
It has long been recognized that particles with the same spin and 
ρ 
parity J , baryon number B, hypercharge Y, and approximately the 
same mass, should be grouped together into multiplets. The members of 
such a multiplet are believed to behave similarly under the strong 
interactions. In analogy with ordinary spin, we introduce a quantum 
number I, called isospin : particles belonging to the same multiplet 
have the same isospin , but are distinguished by differing third 
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component of the isospin. Thus a particle may be characterized by an 
isospin state vector | satisfying 
(1) 
Ъ Î I ' m Ι ш 
Such states transform among each other under rotations oL of the isospin 
group SU(2), in the following way : 
«w*;-Σ li. tfic] . (2) 
where the matrices D ,' [«(1 belong to the irreducible representation 
, Tv m'm ·• 
Ъ
к
 ' of Sü(2). 
The assumption of charge independence for the strong interactions, 
(i.e. that the strong interactions are invariant under these isospin 
transformations) implies that, if all other interactions could be 
"turned off", the members of an isospin multiplet would have the same 
mass.We shall assume charge independence for the strong interactions 
and the other interactions ( electromagnetic, weak, gravitational) 
will not be taken into account. Therefore we use the same mass for all 
members of a multiplet (the average mass) , as shown in table 1.2. 
isospin multiplet I Y average mass [MeV] 
N 
Л 
Σ 
і ^ Ч 
1 
S 
0 
1 
i 
1 
0 
0 
•1 
93 .9 
1115.6 
1193.1 
1316.1 
Table 1.2. Average masses of isospin-multiplet members 
for the -jj baryon octet. 
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Charge independence implies further that the isospin is conserved under 
the strong interactions. So, when we study the interaction between two 
particles belonging to multiplets I and J, we should first of all 
decompose the system that consists of a direct product of irreducible 
representations of SU(2) into a direct sum of them : 
B W . D W • О-ООБ« . (3) 
The Wigner-Eckart theorem tells us that the interaction in the eigen-
channel К is dependent on the total isospin only and not upon other 
isospin quantum numbers. 
In nucleon-nucleon scattering, the total isospin can be 0 or 1 : 
B<*> · D<±> - D<°> θ Β*1) , (4) 
in sigma-nucleon scattering it can be •§• or χ : 
D U ) . D<*> . D(*> a D(î) . (5) 
Of course, the lambda-nucleon system has total isospin i . In this work 
we shall consider three one-channel configurations : NN 1-0 , NN 1-1 , 
ΣΝ I- J , and one two-channel configuration ι ΛΙ,ΣΝ I«¿-. We find that 
employing isospin conservation reduces the complexity of our problem 
considerably; but not enough. We need a still larger symmetry scheme. 
During the early sixties, such a scheme was proposed by Gell-Mann and 
Ne'eman [Ge 64]. It became clear that the particles could be grouped 
into larger multiplets which were assigned to irreducible representations 
of the group SU(3), containing as subgroup the group SU(2) of isospin 
transformations. In this symmetry, the mesons are grouped into octets 
\B\ and singlets (l), the baryons into octets, singlets and decuplets 
{lOj, and the anti-baryons in octets, singlets and anti-decuplets ^10 }. 
The content of the lowest lying SU(3) multiplet of the baryons, the •£• -
octet, is given in table 1.2. 
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As we have demonstrated with isospin, it is worthwile to look at the 
scattering matrix with respect to the eigenstates of Sïï(3). Because we 
are considering the interactions among the baryons of the i -octet, 
we make use of the reduction of the direct product of two irreducible 
representations (8} of SU(3) into a direct sum of irreducible represen-
tations : 
[в} ® tej - Í27J φ Lio} e (io*} e {Bj $ t a j e Uj . (6) 
In this decomposition, the irreducible representation t8j occurs twice, 
and, as is customary, we take a symmetric and an anti-symmetric combina­
tion with respect to the interchange of SU(3)-indices. 
Baryons are fermions, so we apply a "generalized" Pauli principle by 
which the total wavefunction (spacial+spin+unitary spin) must be anti­
symmetric . As the irreducible representations І27|,{.8 J and \_l] have 
symmetric unitary spin indices, the space-spin part of the wave functions 
should be anti-symmetric, allowing the following states : 
4 . 4,i,2 · 4 · 4,3,4 eto· 
For the anti-symmetric unitary spin wave functions, appearing in the 
representations {10} , {10 J and {8 } , only the states 
4 » 4 » 4,2,3 · 4 etc· 
are allowed. Table 1.3 shows the SU(3) representations participating 
in those states that we are considering. 
It is clear that SU(3) is a broken symmetry, even for the strong inter­
actions. For example, the masses of the members of an SU(3) multiplet 
are much more widely distributed than in those belonging to an SU(2) 
multiplet, and in scattering too, this breaking is very important ( for 
18 
Channel 
NN 
ΣΝ 
ΛΝ,ΣΐΝ 
i s o s p i n 
0 
1 
I 
2 
1 
2 
s t a t e s 
3 S ,λΈ , 3 D , . . . 
XS , 3 P » Ь , . . . 
3 S ^ P , 3 D , . . . 
1 S , 3 P »"""D , . . . 
3 S , Χ Ρ , 3 D , . . . 
1 S , 3 P , 1 ] ) , . . . 
Sü(3) і г г . г р г . 
Uo*} 
{27} 
(10} 
{27} 
{ io*}, і
 а
1 
(27J , l e B J 
Table 1.5· SU(3) content of the baryon-Ъагуоп states. 
a discussion of this point see fSw 7l]). In this thesis we shall try-
to discover whether a breaking of SU(3) symmetry only via the masses 
of the particles and the octet-singlet mixing in the meson nonets, is 
enough for an adequate description of the experimental data on low-
energy baryon-Ъагуоп scattering. This SU(3) breaking implies that it 
is not possible to consider the interactions in eaoh irreduoible 
representation of SU(3) separately, we will consider the states as 
indicated in table 1.3« 
Finally we want to mention a relation between the masses of the members 
of a multiplet derived in first order perturbation theory, the Oell-
Mann-Okubo mass formula [Ok 62],[Ge 64], which reads for the baryons 
M(I,Y) = M 0 + Μ χ Y + м 2 { I(l+l)-i Y
2] , 
where M
n
,M,,M„ are constants depending on the SU(3) representation 
only. Elimination of these constants in the case of the baryon octet 
under consideration, results in the relation 
19 
i ( %
 +
 it.) - \ \ + \ м
с 
which is very well realized experimentally. 
3» The mesons 
Besides the baryons, which play the role of external particles, we 
shall have to deal with the mediating quanta : the mesons. According 
to the SU(3) classification scheme, mesons are members of singlets or 
octets, grouped together in nonets. The three lowest lying nonets are 
Ρ — Ρ + 
the pseudoscalar nonet ( J =0 ) , the scalar nonet ( J = 0 ) and the 
vector nonet ( J = 1 ). The content of these nonets is exhibited in 
table 1.4. 
The Gell-Mann-Okubo mass formula for the mesons reads 
m
2
 - m
2
 + m
2{l(l
+
l) - ¿ Y2 J (l) 
and gives us a r e l a t i o n between the masses of the members of an o c t e t , 
for the pseudoscalars : 
m l = f m K - 3 m i r < 2) 
and similarly for the other octets. But this relation is. not as well 
satisfied as in the case of the baryons. Therefore one assumes a 
further SU(3) breaking for the mesons by introducing a mixing of the 
isosinglet member of the octet and an SU(3) singlet meson with the same 
spin and parity (the ninth member of the non»" Ì. 
20 
J p 
о" 
0 + 
ι" 
octet-singlet 
mixing angle 
-0.1Θ2 rad 
0.444 rad 
O.69I rad 
isospin 
multiplet 
π 
Ά 
κ 
χ 
0 
* 
S 
κ 
Ε 
Ϋ 
κ 
average 
mass 
136.05 
549.0 
495.9 
958.0 
962.O 
997.0 
95O.O ä 
560.Ο *> 
77Ο.Ο " 
ΙΟΙ9.Ο 
891.0 
784.0 
I 
1 
0 
i 
0 
1 
0 
0 
1 
0 
i 
0 
Y 
0 
0 
+1 
0 
0 
0 
+1 
0 
0 
0 
+1 
0 
ТаЪІ 1.4. The meson nonets used in the calculations. 
•УThe mass of the К is estimated from the Gell-Mann-Okubo 
mass formula and the mixing angle resulting from the fit. 
* For the £ an effective mass is estimated (see Г .6). 
il Consideration of the large decay width of the y results 
in an effective mass of 748 MeV for the Ρ meson (see IV.6). 
Let us take the pseudoscalar nonet as an example. For unbroken SU(3) 
symmetry, a particle *^ α should exist which is the 1=0 Y=0 member of the 
octet, and a singlet particle \.. The states of the physical particles 
yj and X are related to the pure SU(3) states of >£„ and »£, by a 
rotation 
|^> - cos θ І 7 8 > - ain θ l ^ > 
(3) 
І У
в
> = з і п і"2 > + cos \ і
г
 > , 
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where θ is called the mixing angle. This transformation should diago-
nalize the mass matrix 
/ "* ° ) - at«) / "I f ) «M"1 . (4) 
о 
where 
m* ·<%\ ¿\%> , 
т\ - ^ * l 1 l ш
2\*І
х
 У , ( 5 ) 
and 
* е і " ^
 1 m 2 l ^ i > · 
The requirement that the mass matrix is diagonal for the physical 
particles gives us the mixing angle (except for its sign) : 
2 mfll 
tg 2 - -2 Ц . (6) 
ш1 - m8 
Prom the invariance of the trace and determinant of the mass matrix, we 
get two other relations : 
2 2 2 2 
°4 + mX = т + ml 
and ° (7) 
2 2 2 2 4 
\ m x
o
 •
 m
e
 mi - m81 
Using these formulae and the Gell-LIann-Okubo mass formula for the pure 
octet, the mixing angle can be calculated (up to a sign) from the masses 
of the physical particles. In this way, the mixing angles of the pseudo-
scalar nonet and the vector nonet are obtained. 
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In the case of the scalar meson nonet, some masses (£, and к) are too 
uncertain to be subject to such a treatment. In this case we have 
obtained the mixing angle from our fit to the experimental data, and 
we have worked backwards to estimate the mass of the 1С meson, using 
Ρ + the J =0 mass formulae : 
2 2 2 2 2 
mD - cos θ m * + s i n θ m. 
о ь ε 
2 ¿ 2 1 2 
m, » •"•• m. + -г m 
le 4 θ 4 к 
( θ ) 
The ? meson and the £ meson also need to be treated specially because 
of their large decay widths. We shall consider this point in more detail 
in chapter IV section 6. 
4. Experimental information 
In this seotion we shall discuss briefly the experimental data of 
interest to us, along with the corrections we have to apply. We do not 
go into a detailed investigation of these data because quite adequate 
treatments already exist [Sw 7l] , [Rij 75J, [Na 75]. 
(i) The nucleon-nucleon system 
In nucleon-nucleon scattering at very low energies the influences of 
isoapin breaking and Coulomb interactions are very important. At these 
energies ( T.
 h < 1 0 MeV ) there is much accurate NN scattering data, 
reflected in precise values of the low energy parameters. 
When no Coulomb interaction is present, the effective range expansion 
for the nucleon-nucleon phase shift in the 1 partial wave is written 
2Í+1 *. с 1 ι 2
τ
, 3 4 /
η
\ 
ρ c o t g b = + 2 Γ Ρ - Ρ r ρ + . . . (1) 
t a 
where a is the scattering length, г the effective range and Ρ the so-
23 
called "shape parameter". For S wave scattering at low energies, we 
consider only the first two terms in the expansion : 
ρ cotg S • - - + i r ρ . (2) 
α 
For S, pn scattering, £ No 72] has found two possible solutions : 
a - 5.42З + O.OO5 fm , r - I.76I + O.OO5 fm (3) 
and 
a - 5.41З + O.OO5 fm , г - 1.74Θ + 0.005 fm , (4) 
np — np — 
while De Swart [Sv 75j recommends 
a - 5.412 + O.OO5 fm , r ·= 1.733 + O.OO6 fm . (5) 
np — np — 
In proton-proton scattering the situation is more complex due to the 
presence of the Coulomb interaction which requires a modification of 
the effective range expansion. Jackson and Blatt £ja 50J have given 
a correction for the Coulomb force in proton-proton scattering which 
is believed to be rather model independent and which resulta in the 
following low energy parameters for the nuclear part of the pp inter­
action [He 72] ; 
a
N
 - - 17.1 + 0.2 fm , r N = 2.84 + 0.03 fm . (6) 
PP - PP -
For the neutron-neutron system we have [Sw 75j 
a = -I6.5 + 0.Θ fm , r
n n
 = 2.86 + 0.03 fm . (7) 
However, turning to the S
n
 effective range parameters for the proton-
neutron system, we find considerable deviations from the above values 
a ='-23.720 +0.016 fm , r = 2.63 + 0.06 fm , (8) 
np — np — 
( De Swart [Sw 75] ) or 
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a
n p - -23.715 ± O.OI5 fm , r n p = 2.73 + 0.03 fm , (9) 
( Noyes [No 72J ), indicating a large isospin breaking component to 
the nucleon-nucleon force. The large influence of isospin symmetry 
breaking on the low-energy parameters could be a reason for neglecting 
these in our fit, but , in our opinion, the very low energy data should 
be reproduced reasonably well for a realietio description of the nucleon-
nucleon interactions. Our isospin symmetric model exhibits the same 
S Q effective range parameters in all three nucleon-nucleon channels. 
We decided to use the np values (9)· 
At higher energies, where the effective range approximation is no longer 
useful, the experimental data has been subjected to phase shift analyses 
alone. Several groups [ MG 69J, [Sea 6ΘJ have obtained mutually consis­
tent results. In this work we use the energy independent phase shift 
analysis of the Livermore group [MS 69J ( in fact a slightly revised 
version ). They have grouped the experimental data in narrow bands 
2 
around a few energies and then minimized the χ, of the phase shifts 
at the.se energies with respect to the data. Their results are given in 
table 1.5· 
Besides the phase shifts and associated error bars, they have published 
error correlation matrices, enabling us to estimate our chi-squares 
with respect to the data itself via the phase shifts £MG 6BJ , ( see [.Ar 66j 
for a more detailed description of this method ). For a set of phase 
shifts Ç , its X with respect to the data is given by 
x2(?)-%2(?0)+ -Σ: ( ^ - % , І ) а т Й 7 ( 5о,
л
) - <*» 
where o 0 is the set of phase shifts obtained by the Livermore group. 
For the six energies from Τ
Ί
 , = 25 MeV to 330 MeV they obtained 
X, ( SQ) = 976.I for 1128 measurements, i.e. a yi /datapoint of О.96 . 
We assume that isospin symmetry breaking does not produce large 
deviations in the phase shifts. Also Coulomb effects are assumed to be 
rather unimportant. This last assumption can be tested by calculating 
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the proton-proton phase shifts by means of models in which the Coulomb 
term is included. Table 1.6 shows the results of the calculations of 
the 1S 
n
 pp phase shifts with three different OBEP-models employing the 
Schrodinger equation. The correction is calculated by subtracting the 
T l ab iUeVl 
[ffe 7 l ] 
[No 71] 
[RiJ 75] 
25 
2.0 
1.82 
О.3О 
50 
1.5 
0.83 
0.73 
95 
1.9 
0.43 
0.87 
142 
2.4 
O.25 
0.87 
210 
3.2 
C I S 
0.84 
330 
4.2 
О.ОЗ 
0.78 
425 
5.0 
0.0 
0.73 
Table 1.6. Coulomb correction 8 ~ 8 (li degrees) to the 
S» proton-proton phase shifts according to three 
different OBEP-models. 
лС phase shift b resulting from a good fit including the Coulomb effects 
from the nuclear phase shift fl obtained by the same calculation with 
only the Coulomb interaction excluded. The most recent Coulomb correc­
tion was calculated by dr.Th.A.Rijken using his model at the author's 
request. One sees large differences among the three sets of results. 
This indicates a strong model dependence. Furthermore, it turns out 
2 
that by neglecting the Coulomb interaction the "X, with respect to the 
nucleon-nucleon phase shifts does not change very much (about 0.2 for 
the ~)C /datapoint ). It is therefore reasonable to omit the Coulomb 
effects. 
Finally we should mention that an important quantity has not been 
included in our fit, namely the binding energy of the deuteron [No 7?J 
€_ = 2.224644 ± О.ОООО46 MeV (11) 
(ii) 5L P scattering 
The Σι Ρ system has total isospin 1=3/2. Its S. state belongs to the 
1 irreducible representation {27J of SU(3) as does the S
n
 pp state. 
As the latter state is almost bound, we would expect from SU(3) symmetry 
a bound or almost bound S
n
 state in the Ε ρ (or £ n ) system. 
28 
But several searches have failed to produce any evidence for a £ ρ or 
SI η bound state (this is discussed carefully in [CI 69]). Moreover, 
the total scattering cross section in the Σ. Ρ system is much smaller 
than the S 0 nuclear cross section in proton-proton scattering, indica­
ting large SU(3) breaking and thus invalidating the approximation of 
total SU(3) symmetry for the baryon-baryon systems. We expect that the 
scattering in the S, state is even smaller [Ch 65J, a fact that is 
also suggested by the observation that the £ ρ total cross section 
is much smaller than the S
n
 wave unitarity limit (TC./p ), leaving 
little room for S, scattering ( unitarity limit ЗІГ/р ). 
The £ ρ data used in this work is taken from the results of the 
Heidelberg group tEi 7l]· Their cut-off criteria resulted in 121 elastic 
Σ ρ events with centre of mass scattering angles between 60 and 120 . 
They presented their results in the form of total cross sections, but 
their numbers are calculated via the formula 
(cos Θ) 
°"T (cos Θ ) - ( c o s Θ ) . 4
 'max
 ч
 'min ƒ 
(cos θ) 
max 
d(cos Θ) d<r dcos θ (12) 
mm 
Their results are shown in table 1.7· 
Р 1 а Ъ [MeV/c] 
145 ± 5 
155 + 5 
165 + 5 
175 + 5 
#events 
4 
13 
35 
69 
(cos Θ) . v
 'min 
-O.25 
-0.35 
-O.42 
-0.49 
(cos Θ) 4
 'max 
0.31 
0.39 
О.46 
О.52 
σ^ [mb] 
123 + 62 
IO4 + 30 
92 + 1Θ 
Θ1 + 12 
Table 1.7· Ц Ρ scattering results [Ei 7l] . 
If Coulomb effects could be neglected and if the nuclear different al 
cross sections (by "nuclear cross sections" we mean the cross sect ons 
that we would obtain in the absence of the Coulomb interaction) were 
isotropic, these numbers would represent the total cross sections. 
29 
However, at theae experimental energies,Coulomb effects are important 
and we have to estimate them. We employed the model of Nagels et al. 
[Na 75І» [Hij 751 which эоі еьа Schrodinger equation in which Coulomb 
effects are included and which provides a good fit to the data. Using 
their method,the total cross sections σ* could be calculated including 
Coulomb effects via equation (12) and we could calculate the total 
nuclear cross sections 6"^  from the nuclear T-matrix directly. Assuming 
Р 1 а Ъ [ме /с] 
145 
155 
165 
175 
Coulomb correction 
21.1 
17.1 
14.0 
12.0 
Nuclear croas 
144 + 62 
121 + 30 
106 + 18 
95 + 12 
section 
Table І. . Coulomb corrections (in mb) to the cross sections 
of table 1.7. 
that the Coulomb corrections 4fl"= ff^- С are independent of the model, 
we applied these corrections to the total cross sections of table 1.7, 
in order to find the nuclear cross sections which should be reproduced 
by a model involving no Coulomb effects. The results are given in 
table 1.8. 
(iii) ΣΙ Ρ scattering 
In ¿"p scattering we are dealing with the problem of three coupled 
channels « ¿~P» Σ n» .Λη· We employ isospin symmetry to reduce this to 
the problems of two coupled channels and of one channel. 
Measurements of elastic £ ρ scattering events have been made by the 
Heidelberg group in the same investigation as that of 2 Ρ scattering 
(£ЕІ 7l] ). They saw 406 cases of elastic £ ρ scattering. The total 
cross sections were calculated using eq.(l2). Their results are given 
in table 1.9.In the same way as with Σ. Ρ scattering, we calculated the 
corrections due to Coulomb effects and angular cut-off's. These correc­
tions are given in table I.10, with the resulting nuclear cross sections. 
30 
Р 1 а Ъ £MeV/cJ 
135.0 + 5·0 
142.5 + 2.5 
147.5 + 2.5 
152.5 + 2.5 
157.5 ¿ 2.5 
162.5 + 2.5 
I67.5 + 2.5 
#events 
14 
19 
30 
49 
Θ1 
107 
106 
(cos θ) . 4
 'min 
-О.ІЗ 
-0.22 
-O.27 
-0.32 
-O.36 
-O.4O 
-0.44 
(coa θ) 
4
 'max 
Ο.Ι9 
0.2Θ 
О.32 
0.37 
Ο.4Ι 
0.44 
0.4Θ 
<Γ
Ύ
 ímbj 
184 ± 52 
152 + 38 
146 + 30 
142 + 25 
164 + 32 
13Θ + 19 
113 + 16 
Table 1.9. Results of the Heidelberg group [Ei 71] for 
elastic 21 p-scattering. 
Р 1 а Ъ [MeV/oJ 
135.0 
142.5 
147.5 
I52.5 
157.5 
162.5 
167.5 
Coulomb correction 
ЗІ.4 
27.1 
24.4 
22.4 
20.5 
1Θ.6 
I7.2 
Nuclear cross 
153 ± 52 
125 + 38 
122 + 30 
120 + 25 
144 + 32 
119 + 19 
96 + 16 
section 
table I.10. Coulomb corrections to the elastic 
2 Ρ scattering cross sections. 
For the inelastic Л ρ interactions, £ р - » Л п and Σ. ρ - » E n , 
there are results from two groups. The Heidelberg group [En 66J mea­
sured the total cross sections for these reactions at a laboratory 
momentum ranging from 105 MeV/c to I65 MeV/c. Their total cross sections 
are given in table I.11. Because of the Coulomb interaction in the 
initial channel, we have to correct for this too. In table 1.12 we 
exhibit these corrections and the nuclear cross sections. A group from 
the university of Massachusetts £st 70] has measured the inelastic 
cross sections at laboratory momenta from 0 to 6OO MeV/o in bins of 
31 
р 1 а ъ [Ме /oJ 
110 + 5 
120 + 5 
130 + 5 
140 + 5 
150 + 5 
16ο + 5 
<у ( Е " Р - » Л П ) 
174 + 47 
178 + 39 
140 + 28 
164 + 25 
147 + 19 
124 + 14 
СГ ( 2 " Р — Z ° n ) 
396 + 91 
159 + 43 
157 ± 34 
125 + 25 
111 + 19 
115 + 16 
Table 1.11. Resulte of the Heidelberg group [En 66] for 
53 Ρ inelastic scattering. 
Р 1 а Ъ [MeV/c] 
110 
120 
130 
140 
150 
160 
С "ρ — Λη 
дсг 
16.θ 
12.8 
10.1 
8.3 
6.9 
6.0 
Ν 
σ
-
157 ± 47 
165 + 39 
130 + 28 
156 + 25 
140 + 19 
118 + 14 
Γ." Ρ -
£»σ-
15.3 
11.6 
9.1 
7.3 
5.9 
5.0 
-tfn 
ο-" 
381 + 91 
147 ± 43 
148 + 34 
11Θ + 25 
105 + 19 
110 + 16 
Table 1.12. Coulomb corrections for the results of table I.11 
50 MeV/c. Because some doubts have been expressed concerning there 
analysis, and because there statistics is rather poor, we did not 
include their results in our fits. See fNa 75] for a discussion of their 
work. 
This leaves one very important measurement to be considered viz. the 
capture ratio at rest r_ , defined as 
r
c - ±n #Σ° + #Λ (13) 
32 
where # J* is the number of Σ, particles and # Д the number of J\ 
particles produced in reactions where the J2 hyperon is captured by a 
proton in the hydrogen bubble chamber. The Heidelberg group [He 6θ] 
found 
r
c
 = 0.474 + 0.016 (14) 
and the group of the university of Massachusetts [st 70J 
r
c
 - 0.465 + 0.011 . (15) 
Despite the fact that this is the most accurately measured quantity in 
YN scattering, we did not include it in our fit. Because the capture 
ratio at rest should be calculated at the Σ, ρ threshold, the isospin 
symmetry breaking due to the mass differences of the particles is very 
important. In a calculation performed with the model of Nagels et al. 
[Na 75] [Rij 75]t it turned out that the corrections due to Coulomb 
interactions or charge symmetry breaking (see page 3+) were smaller than 
.1 %, but by changing the masses of the particles from their physical 
values (table I.l) to the values adopted here (table 1.2) the capture 
ratio at rest dropped from 0.477 to 0,266. In view of this large 
difference, we feel that the calculation of r_ is too model dependent 
to be used in our fits, in contrast with the small model-dependence 
of our Coulomb corrections. Therefore we omit the capture ratio at rest 
in our fits. 
(iv) /\ ρ scattering 
There have been many experimental searches for A N bound states, all 
yielding negative results [Da 65J. Therefore, we assume that there are 
none. However the Λ particle may be bound to more nucléons, resulting 
in the so-called hypernuclei -H , »H , .He ,
 л
Н etc. Some information 
on Λ N scattering comes from the study of these hypernuclei, especially 
the lighter ones. We shall not go into detail here ( See [Sw 71] and 
tftij 75] for a discussion of the information which can be extracted from 
hyperfragments )," but only state some general conclusions : 
_l.There is a stronger interaction in the S 0 state than in the S, 
state. For the /\N scattering lengths this implies : 
33 
Renovóth-Heidelberg 
ρ [MeV/c] 
145 + 25 
185 + 15 
210 + 10 
230 + 10 
250 + 10 
29O + 30 
(Г
т
 [mb] 
180 + 22 
130 + 17 
118 + 16 
101 + 12 
8 3 + 9 
5 7 + 9 
Maryland 
ρ ГМе / с ] 
Λ 
135 + 15 
165 + 15 
195 + 15 
225 + 15 
255 + 15 
300 _+ 30 
~
т
 [>ъ7 
209 + 5 
177 + 38 
153 + 27 
111 + 18 
87 + 13 
46 + 11 
Table I.13. Λ Ρ total cross sections obtained by the Maryland 
group fSe 6θ] and the Rehovoth-Heidelberg gì oup 
[Al 68] . 
Iasl> К I (16) 
2«The difference in the binding energies of the mirror hypernuclei 
.H and „He indicates a sizable charge symmetry breaking, that is 
Л л 
a mixing of the states of the pure 1=0 Apartide and the pure 1=1 
J3° particle. This charge symmetry breaking allows a pion exchange 
contribution to the ΛΝ potentials and has a large effect at low 
energies, reflected for example in different Лр and Дп scattering 
lengths [Na 75] [Rij 75] . We don't take this into account because it 
is a breaking of isospin symmetry. 
The Лр scattering data that we use has been obtained by an experiment 
on stopping K~ mesons in the 81 cm Saclay hydrogen bubble chamber at 
CERN. Two groups have analyzed the data which spans a laboratory 
momentum range of 
120 < ρ é 330 MeV/c . 
Their results, shown in table 1.13, are quite consistent. It is important 
to note that they found that the differential cross sections were 
approximately isotropic, indicating that the scattering takes place 
mainly in the S waves. 
34 
ρ [ Me V/c] 
Λ 
250 + 50 
350 + 50 
450 + 50 
550 + 50 
650 + 50 
750 + 50 
Θ50 + 50 
950 + 50 
1050 + 50 
1150 + 50 
1250 + 50 
1350 + 50 
1450 + 50 
1550 + 50 
СГ (ΛΡ-»ΛΡ) 
26.0 
23.9 
.9 
9.1 
16.7 
10.7 
10.2 
8.9 
18.1 
6.9 
7.5 
16.4 
11.4 
13.3 
er (Λρ-»£*ρ) 
2.8 
7.5 
10.7 
5.0 
З. 
3.3 
4.4 
2.9 
1.7 
4.1 
σ 
\ 
1 
} 
(ΛΡ-»ΛΡΌ 
1.6 
3.6 
3.0 
<7-
Τ
(ΛΡ) 
\ 24 + 5 
Ι 9 + 2 
25 + 7 
33 + θ 
42 + 9 
24 + 7 
2 8 + 6 
34 + 7 
3 0 + 8 
Table 1.14. Some total croas sections ( in mb ) of [Ka 7lj for 
Λ p scattering. In the calculation of the total cross 
sections, isospin symmetry has been used to estimate the 
contributions of the processes Λ Ρ -* Σ η and Λρ-»Ληι . 
A group of the university of California fKa 71J » performed an experi­
ment in which Д hyperons were generated from a platinum target placed 
in a beam of K - mesons. They produced Λ ρ data for 200ί ρ £ 1500 KeV/c, 
but the number of events was so small that we have not included their 
results in our fit. Nevertheless we shall compare our predictions with 
their results as displayed in table I.14. Note that for ρ > 1 CeV/c 
pion production becomes an important factor. 
Finally we should mention the observation of a large bump in the Др 
invariant mass distribution, observed in the reaction 
K" d - г Л р TT" (17) 
proceeding via the intermediate state 2 N tt : 
35 
K"d — » . ¿ N U —*-ЛртС 
This bump could be interpreted as an I0I/2 S. bound state of the 
S N system [CI 6θ], fei 69J, but there are some doubts about its 
existence [Al 69]. Some models don't predict а Др resonance [Na 75], 
I Rij 75]» other ones have а Др resonance there [Sa 75]· 
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CHAPTER II 
DERIVATION OF THE THREEDIMENSIONAL EQUATION 
1. Two-particle unitarity 
We shall consider the scattering of positive-parity spin--g- baryons 
ai + Ъі ~~*" af + bf ' ^ 
Each channel j will consist of two particles a. and t>. with momenta 
J J 
ρ and p, and spin components along the z-direction s and s, ai Dj· &j 
(or helicities λ and λ, ). 
a. b. 
J J 
J 
The normalization of the one-par t ic le s t a t e s i s such t h a t 
a a 
where ________^_ 
E
a
(p) - + ƒ l ? | 2 + ml' . (3) 
Pourvectors will he denoted ρ • ( "p*,p ), where 
p s P . / · Ι Ρ Ι -p°. (4) 
When there is no risk of confusion, we shall use the same symbol 
for the length of a threevector: 
The S- and T-matrices are related Ъу 
< f | s |i > = < f|i> - (2Tl)4i S4(Pf-Pi) < f [ τ I i > , (5) 
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where 
and 
ІО-Іуч, »у*,> 
P. = ρ + ρ, (6) 
is the total four momentum in channel j. 
The unitarity of the S-matrix ( S S - SS* = 1 ) implies that 
T f i - T ¿ - - i (2Ю4 Г. T¿ ЪЧ*п-*±) Tni , (7) 
η 
where Ρ„=Ρ. and jL stands for the summation over all possible 
intermediate states. Restricting ourselves to those energies at which 
we have only two-particle intermediate states, this equation can be 
written more explicitly as 
, .,•
 =
 ^_ Σ f iV·-î-5. 
f> f l (21B2 . . . ,3 J « ( F ) l „ ( K ) 
f\ ri Ц A%. 1С * l ( ) 
χ T„ δ 4 ( Ρ - P . ) Τ . . f η ч η i ' ni 
All states are physical states (all particles are on their mass shells)· 
This restriction of the particles to their mass shells is made more 
explicit by writing (8) as 
+ -i 
T„. - Τ 1 - Я . я ' ri Π η. t (2It) n,s ,s ' h. * ι 1
(9) 
χ 9 ( P ° ) 8 ( P ^ f l ) Ö ( P ° ) S 4 ( p n - p i ) T n i . 
In each channel ¿ we introduce a momentum k. by 
J 
ρ = μ. P. + к. , 
а· Д а j І 
and ' (10) 
Pb, =/b Pj - kj -
38 
where 
Л
 +
Д =
x
 · 
When the two intermediate particles are on their mass shells, we have 
k ° = A E (к) - μ Ε, (к* ) , 
η 'o a.,
4
 η' /а Ъ
л
ч
 η' ' 
and " * (11) 
Ρ ° = Ε (к* ) + Ε. (к* ) . 
η a.
4
 η' Ъ„
ч
 η' 
Changing variables of integration : 
d4p d V = d4P d4k , (12) 
a
n. К
 n n 
and performing the d Ρ - integration, we find that 
Pi = Pn = P f " P ' ( 1 5 ) 
and the unitarity equation for the T-matrix has taken the following 
form: 
' A Τ * g(P°-E. (кJ-Ε, (кJ) 
'η f η ϋ v а.ч η' Ъ,.ч η' f l f l
 , 72 ¿~~J 
(2TT) n,s ,s J 
л a . . 
(14) 
5(k 0-i*.E (к )+Д E
v
 (к )) 
χ
 u v
 η Α а
л
 η' /a Ъ^ n ; /
 т 
4\^η) ^ 
Notice that both S-functions are needed to ensure that the two 
intermediate particles are on their mass shells. 
2. The Bethe-Salpeter equation 
To describe spin--g- particles we introduce the Dirac spinors u(]?,s) 
and v(p,s) for the positive- and negative-energy states respectively. 
We use their Pauli-Dirac representation, in which a positive-energy 
spinor of definite helicity "λ has the form 
39 
ιι(?,λ) = /B(?)+m' 
\ 
(ι) 
Е(р)+т ' λ / 
where У is the Pauli spinor 
Χ, 
i+λ 
i-λ 
(2) 
In t h i s r e p r e s e n t a t i o n , the /"-matrices have the following form 
r„ 
» ; • 
-i 07 
v
 i < r k 
k
 . К 
ο - ι У 
V 
i О 
О - 1 
- 1 о 
(3) 
and 
й--гг
с 
- i 2Q ' 
^к
 =
 ^к f or к = 1 , . . . , 5 , 2f0 " " "θ » 
lar f У/. 2 g r 
(4) 
u and ν are normalized such that 
and 
where 
u(p,s') u(p*,s) = - v(p*,s') v(p,s) = 2 m ? 
u(PfS') v(p,s) = v(p*,s') u(p,s) = 0 , 
u(p,s) - u(p*,s) Y 
(5) 
(6) 
It is customary to define an M-matrix which is a Ібхіб-matrix in 
spinor space and which, sandwiched Ъetween Dirac spinors, reproduces 
the corresponding T-matrix elements.For the case of two incoming and 
40 
and two outgoing baryons, we have 
< f ) Τ I i > = u(p ,s ) u(p ,s ) Mfi(qf,q.;P) 
x u ( p
a. '
s
a,J и ( р Ъ
і
'
3
Ъ 1
)
 * 
Here P.=P„«P , due to four momentum conservation. The momenta q. 
and q. are defined according to equation (1.10) . 
This M-matrix satisfies the Bethe-Salpeter equation [Sa 5l] » I G e 51J * 
Tsch 5l] : 
Mfi(qf,qi;P) = M^
r(q f,q i 5P) + 
r · ( 8 ) 
+ Ζ U 4 k M^r(qf,k;P) Gn(k;P) M^Ck.q^P) , 
η * 
where the Green function consists of the two Ъагуоп propagators : 
4 +im Л, +im, 
G (k,p) = - ^ j a* U Y ¿ft . (9) (2ir) p
»S! - i l ч+ і£ 
Let us illustrate this equation for the case of the exchange of one 
pseudoscalar meson. The lowest order diagram (fig.II.l) resulting 
pa f=AP+qf BAa) Pa.=AP+<k 
s • s 
af J a i 
•k-p -p 
I a f a i 
b f ъ. 
< · • < -
\-№-*t в№ vA P~q i 5 
Pig.II.1. The second order Feynman diagram contributing to 
pseudoscalar meson exchange. 
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from the Lagrangian 
o¿°lnt(s) = ig't(x) 3^+00 φ (χ) (10) 
gives a contribution to the T-matrix of 
Λ
2 ) -Τ,ΠΪ о Ï „У (a) „rtf T ^ - u C ? . ,eQ ) g f ^ u ( ? e , s . ) 
к^+рі%і£ 
(и) 
' f i "™л*"л' а в 5 " ч ± а . ' а . ' . 2 2 . . 
f f i l k + u - i t 
x u ( V ' V } g Y 5 b ) u ( P b . ' s b . ) ' 
f f 1 1 
i . e . 
-2 ( а )
у
( Ъ ) 
«g'^.^lP) =
 2 h . (12) 
Uf-q^) +Л -i f 
In the same way, we may calculate the contribution of the box diagram 
p
a f = / * a
P +
* f 
S 
a f 
p b f T b
F
- ' f 
*<<·> 
1 
1 
Τ
 k 2 = q f " k 
1 
1 
« # > 
p
a
 =K
a
P+k 
S 
a
n 
S b
n Pb = / b p - k 
η 
* # > 
I 
I 
1 
1 
i 4ь) 
\·/*αΈ+*1 
s 
a. 
1 
Л 
P b . = A p - q i 
1 
Fig.II.2.The box diagram contributing to pseudoscalar meson 
exchange. 
(fig.II.2) to the M-matrix, when the intermediate state is in channel 
n. We obtain the following expression : 
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M f i ) ( W p ) = - i 
J (2ΙΓ)4 ( q f - k ) 2 + ; U 2 - i £ 
( /ХаР+к)2+ша 2-і£ ( Д Р - к ) 2 + т ъ 2 - і £ ( k - q . ^ + ^ - i C 
(13) 
Clearly 
^
)(qf,q.;P) =Jd4k M^2)(qf>k;P) Gn(k;P) M^2)(k,qi;P) , (14¡ 
where G (k;P) is given by equation (9). For the total M-matrix up to 
fourth order in the coupling constant, we should write : 
M f i ^ W ^ • Mfi)<V<1i'p) + 4i] irr(^f^i!p) + 
(15) 
+ Σ A 4 k M^2)(qf,kiP) Gn(k;P) M^^k.q.jP) . 
η J 
(A j ІГГ 
The second term on the right, Щ:' , stands for the sum of all fourth 
order diagrams that are not contained in the last term, e.g. diagrams 
•4 f *-
\ / \ / 
\/ 
¿.—X 1 
Fig.II.3. Fourth order irreducible diagrams. 
of the type of fig.II.3· These are called "irreducible diagrams", 
because they cannot been separated by a line cutting only the two 
baryon lines. 
It is obvious that the Bethe-Salpeter equation (eq.(8)) , depicted 
in fig.II.4, is the generalization to all orders in the coupling 
43 
M M + ri" 
— * — 
— « — 
ri 
Fig.II.4· Representation of the Bethe-Salpeter equation. 
ІГГ 
constant g of the procedure described above. Then M„. stands for the 
sum of all irreducible diagrams of any order and therefore represents 
an infinite number of diagrams. It has become popular to approximate 
irr 
M by the set of one meson exchange diagrams. Then the Bethe-
Salpeter equation generates only diagrams of the type of fig.II.5, 
ι—r 
I 
ι 
I 
-4-
i 
I 
I 
I 
-A-
Fig.II.5· A ladder diagram. 
the so-called ladder diagrams. The validity of this approximation is 
unclear. 
The Bethe-Salpeter equation for the M-matrix is an integral equation 
with four-dimensional integrations and,at the same time, a matrix 
equation with 16x16 matrices for each reaction. Positive-energy states 
as well as negative-energy states contribute. In order to see more 
clearly what kind of channels are involved, one may make the transition 
back to an equation for the T-matrix elements. 
We define the projection operators Д (~p) and A (p) for the positive-
and negative-energy states by 
and 
2тЛ
 +
 (р) = Σ* U(P"»S) u(P»s) 
s 
2тЛ_(р) = - Σ. v(p*,s) T(p*,s) . 
(16) 
For particles v/hich are on their mass shell, i.e. for which ρ = B("p), 
we have 
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2mA
 +
 (p) = m + i i . (17) 
The propagator of a spin--jj particle which is off its mass shell, can 
Ъе expressed in terms of Dirac spinors in the following way : 
2$+ii 
~2—2 = _ 1 ~ 
ρ +m -i£ E(p) 
/UP) 
Λ_(-"Ϊ) 
р°-Е(р)+ІС p0+ECp*)-iC 
(18) 
~* о r— In the centre of mass system, where P=0 and Ρ = fs , the Green function 
may Ъе written as 
G (к; ÍS) - τ 
(2TT)4 4EQ (к) E. (к) 
"a »-' b 
η η 
υ 
s s, 
a b 
η η 
u ( k , s
a
 ) u ( k , s
a
 ) v ^ " k ' s a ^ v ^ " k , s a ^ 
η η η η 
+ 
А/з+к°-В ( k ) + i t >< /s+k°+E (T?)-it 
u ( - k , s b ) u ( - k , s b ) v ( k , s b ) v ( k , s b ) 
η η η η 
+ /*b/s-k°-Eb (k)+i£ y*b/s"-k0+Eb ( k ) - i £ 
(19) 
Using this expansion we can rewrite (8) as a T-matrix equation. For 
this we need to define T-matrix elements between positive-and negative-
energy states. For instance, 
= "ü(q^.sa ) u(-ä*,sb ) Mfi(qf,qijP) u(â*,sa ) u(-q*,sb ) , 
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n++t-+ 
Tfi ( W P ) = (2°) 
-u(q^,8
a
 ) u(-qf,sb ) M f i(q f,q i;P) ν(-^±,3&) u(-q>i,eb ) 
etc. 
On the left hand side, the indices i and f indicate the channel and 
spin state involved. In the same way, one might define potentials V 
from M 
Multiplying the Bethe-Salpeter equation for the M-matrix by the 
appropriate spinors and using the expansion (19) of the Green function, 
we obtain the Bethe-Salpeter equation for the T-matrix. We are 
interested in Τ ' only, so we have to consider the equation 
T £ ' + + ( W P ) = vfí'++ ( W p ) 
+
 Z L fi** { V^'++(qf,k;P) G¿+(k;P) T^'++(k,q.;P) 
+ Vfn' +">f' k ; P ) G n " ( k ; P ) T n ? + + ( k ' V P ) 
+
 V^'-+(qf,k;P) G¡+(k;P) T^'++(k,q.iP) 
+
 ^'"(q f,k;P) G"(k;P) Г7' + +(к,
а
. ; P) 1. 
(21) 
We see that for the calculation of Τ ' we have to consider the 
coupled equations for T + + ' + + , T +"' + + , T ~ + , + + and τ""' + + . In the 
case of two coupled channels (ΛΝ,£N)
 f there are 32 possible states : 
( 2 channels) χ ( 4 possibilities for the positive- and negative-
energy states ) χ ( 4 possible spin states ), coupled to eachother 
by the four-dimensional integral equations. 
The Green functions appearing in (21) are given by 
up -± 1 1 
G n ( k ; P ) =
 (2ΤΓ)4 4E
a
 (?) E b (S) k°-^(k) k
0
-<^(k) ' ( 2 2 ) 
η η η η 
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where »,β = +,- and where the singularities are located at 
co; Φ - E
a
 Φ -др° .и , 
η η 
Co£ (к) = -Е
ъ
 (Î) + Д Р ° +і£ , 
η η 
CO¡ (к) - -E
a
 (к) - д р ° +i£ , 
and 
COT (к) - Е
ъ
 (к) + /і р° -ІС . 
η η 
Their positions are displayed in fig.II.6. 
x—» 
со* 
Ik* 
X - * 
4 , 
(23) 
Fig.II.6. The singularities of the poles of the Green function. 
The arrows indicate the movement of these poles 
for increasing lk| . 
When the intermediate state is on its energy shell, i.e. when 
P° = E
a
 (k) + Е
ъ
 (к) , 
η η 
(24) 
the singularities cj and 0j, coincide, hut the value of к at 
ац, о* 
which this "pinching" occurs depends on the weights и and «., vi¡ 
k° =
 Л
Е
а
 (к) - Д Е
ъ
 (к*) (25) 
We could considerably reduce the complexity of the Bethe-Salpeter 
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equation Ъу neglecting the contributions of the negative-energy states, 
Then we would take only the first term of the four terms appearing 
under the integral in equation (21), i.e. 
Tfi' + +(<if'V p ) = V£' + +(W P ) 
r
 (26) 
+
 Σ l·4* V^' + +(q f,k;P) G;
+(k;P) T^'++(k,q.;P) 
η 
Moreover, we could neglect the к -dependence of the potentials and 
the T-matrix, and perform the к -integration directly. Using Cauchy's 
theorem it is easy to calculate from (22) and (23) that 
I dk° G++(k;P) η ч ' ' (2ÎT)5 4Ea (к) Е
ъ
 (к) ^ - Е
а
 (Іс)-Е. (к)+і£ 
η η η η 
(27) 
We are left with a three-dimensional integral equation, unfortunately, 
we don't know the value of к at which to evaluate the potentials. 
However, if we use equation (25) to estimate к , we shall recover the 
equation which we derive in the following section. 
3. The three-dimensional approximation 
The Bethe-Salpeter equation for the M-matrix is 
M - М 1 Г Г + M i r r G M . (1) 
Following the procedure of Logunow and Tavkhelidze [Lo 63 J and 
Blankenbecler and Sugar [Bl 66 J , and its generalization to the 
nucleon-nucleon interaction according to Thompson [Th 70] or to 
Partovi and Lomon [Pa 70J , we replace the single equation for the 
M-matrix Ъу a set of two equations, namely the BSLT-equation ( or 
Blankenbecler and Sugar - equation, or pseudopotential-equation) : 
4B 
M = W + W g M (2) 
and the equation for the "pseudopotential" W : 
W = M i r r + м і г г ( 0 - g ) w , (3) 
in which the Green function g is, for the moment, arbitrary. We want 
to choose g in such a way that only positive-energy states contribute 
to the BSLT-equation and that two-particle unitarity below the 
production threshold is satisfied in a simple way. 
The first requirement may be fulfilled by writing 
g (k,P) = h (k5P) 4 m mb Д[
а
п'(к)/\( (-к) (4) 
η η 
(we are working in the centre of mass system). Then, defining potentials 
V by 
V ^ U f . ^ i P ) -Ü(p¡'s )й(?
ъ
 ,3 ) Wf.(qf,qi;P) 
f f f f
 ( 5 ) 
x u(P*a.·^.) u (Pb.' sb. ) 
1 1 1 1 
where, on the left hand side, the spin indices are included in the 
channel labels, we can transform the BSLT-equation for the M-matrix 
to an equation for the T-matrix. The result is : 
T f i ( q f , 1 ± | Ρ ) = V f i ( q f , q . ; P ) 
ÇJd^kV (6) f n ( q f . k ; P ) h n (k;P) T n i ( k , q . ; P ) , 
or 
Τ = V + V h Τ . (7 ) 
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Let us ι for the moment, assume that the potentials are hermitian : 
Г = V . (8) 
Then, subtracting the hermitian conjugate of (7) 
Τ = V + Τ h V (9) 
from (7) itself, gives 
T - T = V h T - T+h*V . (10) 
We now use (9) to substitute for V in the first term of (10) and (7) 
to substitute for V in the second term, obtaining 
T - T - Τ ( h - h ) Τ (11) 
or, more explicitly, 
Tfi- 4 " Σ J*4* Tfn [ V k » ^ ) - h*(k,/s)] T
n
. . (12) 
Comparing this equation with (1.14)» we find that in order to satisfy 
two-particle unitarity for arbitrary hermitian potentials, we must 
have 
Im h (к;fe) - 5 — 
52ІГ2 E (?) Е
ъ
 (i?) 
η η 
(13) 
χ 8(к°-ДЕ (к)+^
а
Е
ъ
 (к)) ^(/s--E
a
 (к)-Е
ъ
 (к)) . 
η η η η 
Following the work of Thompson [Th 70J , we assume that h (к;/s) for 
fixed к is a real analytic function of /ïï, except for a branch cut 
running along the real axis from (m +m, ) to со . Furthermore, we 
η η 
assume that 
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h
n
(kffe) ζ- - — Τ for large|^"|, £>0 . (14) 
Then we may write the following dispersion relation for h 
h (k}\fs) 
η
4
 ' ' 
Im h (к,/s') 
η
4
 ' ' è J d(/i·) 
11
 (m +m, ) уз' - >fs -i £ 
(15) 
whence 
h (к;Je) 
£(к°-ДЕ
 (к>ДЕ (?)) 
(2ІГ)5 4Е (к)Е (к) Г ^ -Е (S)-E. (к)+і£І 
η η L η η J 
(16) 
The resulting BSLT-equation for di-baryon states is 
Tfi(q^,q^;JT) = Vfi(q^,q*i;Js) 
η J 
(17) 
w i t h a Green f u n c t i o n of t h e form 
1 X 
G (k;v"s) - 5 
n
 327C5 E
a
 (k) E, ( ? ) / S " - E H (k)-E, ( k ) + i £ 
, (18) 
4 / - ' ъ
эт 
η η 
' а ' - ' Ъ 
η η 
where the fourth component of the momentum к is given by 
k° = Д E
a
 (k) - A Е ъ (к) . (19) 
This equation is rather easy to solve because the complexities have 
been moved into the equation for the pseudopotential W, which contains 
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a four-dimensional integration and is difficult to handle. Therefore 
we must use some approximation. One way is to use the perturbation 
expansion of the equation for the pseudopotential : 
W = M i r r + M i r r (G-g) M i r r + ... . (20) 
Here we will restrict ourselves to the first term, We note that in 
this way (and because of equation (4) ), we are neglecting the 
contributions coming from the negative-energy states. 
We want to close this section with a remark about the hermiticity of 
the potentials. We started our derivation by assuming that the 
potentials defined by equation (5) were hermitian. In fact, this can 
be proven rigorously from the hermiticity of the potentials defined 
irr from M .Transforming from an equation for W to an equation for V 
in the same way as we did for the T-matrix, we arrive at an equation 
of the form 
V = 1?" + Λ>( H - h ) V , (21) 
where \У are potentials defined from M ( the potentials of section 2) 
From the perturbation expansion of (21) 
V - V" + ^(H-hjO" + 0-(H-h)tf-(H-h)l>- + ... (22) 
we see clearly that, when 1^ is hermitian, the hermiticity of V 
follows from the requirement 
( H-h) = ( H-h)* , (23) 
or 
Im H - Im h . (24) 
Now the imaginary part of H is given by two-particle unitarity, (one 
can see this easily with the help of the Cutkosky rules[Cu 60] ), but 
these are the very requirements that we have imposed on h. Therefore 
V is hermitian if 1> = Ό" . 
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4. Ambiguities in the derivation of a three-dimensional equation 
Let ua first look at the ambiguities in the derivation of the Green 
function. Equation (3.18) was derived from the assumption of analyticity 
in fs. There is no clear preference for this choice. Partovi and Lomon 
(2) £Pa 70],for example, assumed that their function h ( here hv ') was 
an analytic function of s in the complex s-plane, except for a cut 
о 
running from (m +m, ) to 00 . Assuming good convergence for large 
a
n
 D
n 
I si, h would obey the dispersion relation 
00 
,.» Г Im h (k;s') 
K
 J s'-s-it 
(m
a +
ш
ъ
 ) 
η η 
Because eq.(3.13) in terms of s becomes 
(-2) ( I (І?)
 + E (k)) 
Im h ¿ ¿ ; ( k ; s ) = 3 - - (2) 
321t2 E (i?) Е
ъ
 (i?) 
η η 
χ &(к
 ъ
Е
а
 (к)+ДЕъ (к)) £ (s- [Ea (ІГ)+ЕЪ (k)J2) » 
they obtain 
, ( 2 ) 
5 ( к ° -
Л ъ
Е
а
 (1Г)+АЕЪ (S)) ( Еа (?)+Еъ (i?)) 
ьГ'Оч-) - ; . " ,-,, J' . -* db . -(Я η 1 6 R 5 Е
а
 (І?) Ε (к) [ s - ( E
a
 (S)+E (k*))2 + i e ] 
η η η η J 
A th i rd p o s s i b i l i t y i s to assume a n a l y t i c i t y and good convergence of 
2 h in terms of q , where 
η η 
E
a„Φ
 + E b X } - /Ϊ" ' (4) 
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,(5) Then we would find a third function h 4 ' given by 
^ ^ -
S(k°-AE a (і)+л\ <*» 
16ÏÏ5 (Ea (к)+Еъ (£)) [ q j - k¿ + iC] 
. (5) 
This one might Ъе useful if one wished to make a further transformation 
to the Lippmann-Schwinger equation [Na 75J » although, in the case of 
nucléon-nucléon scattering, ϊΛ ' and h^ ' are identical. 
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Fig.II.7. Comparison of the Green functions of Thompson fTh TO) 
and of Partovi and Lomon ГРа 70j for the calculation 
of nucleon-nucleon S wave phase shifts. 
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J I L 
100 200 300 Piab[MeV/c 
Fig.II.8. Comparison of the Green functions of Thompson fTh fo] 
and of Partovi and Lomon [Pa 70J for the calculation 
of 2 Ρ cross sections. 
In actual calculations, the differences between these Green functions 
are really small. Fig. II. 7 shows a calculation of the S wave nucleon-
nucleon phase shifts using Thompson's Green function and the one used 
Ъу Partovi and Lomon. In fig.II.8 we have shown a calculation of the 
2 Ρ cross sections, using both Green functions. 
Many other ambiguities exist. Some of these vanish when we impose the 
further requirement that the Green functions reduce to the Lippmann-
Schwinger 's Green function for small momenta. For example, the 
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possibility of using subtractions in the dispersion relations is then 
ruled out. 
As has been pointed out by Yaes [Ya 7l] > there is an infinite set 
of Green functions satisfying all the requirements that we have imposed 
so far. One could for instance multiply the imaginary part of the Green 
function by an arbitrary function of fs and the particle energies which 
becomes unity when the particles are on their mass shells. A point 
in favor of our equation, is that we have obtained the same Green 
function as that of section 2, which we found by neglecting the к -
dependence of the potentials and taking into account only positive-
energy states. A further discussion of three-dimensional equations is 
contained in the articles of Yaes [Ya 71J and of Woloshyn and Jackson 
[Wo 73]. 
Besides the ambiguities in defining the Green function, there is also 
that in the weights. We have not yet specified u. and M . Actually, 
we fix these at 
A - A = * (6) 
because a) then the off-shell potentials will be independent of -Is 
and b) we wish to avoid difficulties when we take the partial wave 
projections of the potentials (see section Г .5) .But apart from that 
there is no reason to choose a particular value for the weights. 
To conclude this chapter, let us briefly consider the BSLT-equation 
from another point of view. We note that we didn't need to use the 
Bethe-Salpeter equation for its derivation. We could just as well have 
asked for a three-dimensional equation that is a relativistic genera­
lization of the Lippmann-Schwinger equation and that satisfies two-
particle unitarity. But, besides the ambiguities mentioned in this 
section, we are then faced with the problem of which potentials to use 
and (because most potentials are known only on the energy shell) how 
to extrapolate to off-shell momenta. In using the Bethe-Salpeter 
equation we have utilised field theory as the source from which to 
obtain the off-shell extrapolations. 
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CHAPTER III 
THE PARTIAL WAVE DECOMPOSITION OP THE EQUATION 
1. Dirac spinors in the helieity representation 
We shall construct the Dirac spinors in the helieity representation 
with the phase convention of Jacob and Wick [Ja 59]· 
The Dirac spinor u(p,X) corresponding to a particle with momentum "ρ* 
and definite helieity λ is defined as 
u(?,X) - R(b*,-<i>) L
z
(lp|) u(0,» , (1) 
where Q and φ are the polar angles of the momentum "p, R^j/î»?) is a 
rotation (·<•,(!,Y being the three Euler angles )¡ 
-id J, -i/^Jp -iyj^ 
Н(*,(3,У) = e > e e , (2) 
and L (ρ) is a boost in the z-direction 
"
iTl Κλ η λ 
L
z
(p) - e ° = cosh l i - y u γ sinh ¿η_ , (5) 
where 
cosh η_ = E(p)/m . (4) 
The phase convention of Jacob and Wick for two-particle states in the 
centre of mass system, consists of taking u(p,>) for the first particle 
and 
u(-P, > 2) = (-)
 2
 R(o,Tt,o) u(?, λ 2) (5) 
for the second one. Here we will take the x-z-plane as the scattering 
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u(Tf»X3) 
ъ(^,\) < *{-Ъ±,\) 
Χ 
u(-"qf ,λ 4) 
Fig.III.1. The scattering plane for the reaction 1+2 -»3+4 . 
plane, with the initial particles moving in the z-direction as shown 
in fig.III.1. 
Consider the reaction 1 + 2 — > 3 + 4 · Then the spinors for the 
incoming particles are 
и( = у/Е^) + m^  ^
 p ^ 
ui-li,^) = ^2U±) 
,
El^i^ + ml 
I E 2( 4 i) +m 2 ƒ 
(6) 
® X 
->, 
where q. = | q . [ and where φ stands for the tensor product of vectors. 
For the final particles we have 
u(?f,X5) = yE 3(q f) 
•ΐ-ίθσ-ο 
2A5qf 
E5(qf)+m? 
X 
(7) 
for the first one, and for the second particle : 
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u(-!fA4) - y/E4(qf) + 2Vf iw 
•^ІвСГо 
® θ 
Transitions defined in this phase convention have the following symmetry 
property due to parity conservation : 
< f,tt; λ3» λ 4 Ι τ Ι ί,Ϊ1»λ1,λ2> = 
- <ί·.ν,-λ3,-λ4 J τ J І,ОГ І;-Л 1,-Л 2 > . 
( ) 
Time reversal invariance is not very useful in general because we are 
working with off-shell momenta, but it will make the potential matrix 
hermitian. So there are in general for each reaction eight independent 
amplitudes. We will lahel them as shown in tahle III.l. 
Transi t ion 
1 
2 
3 
4 
5 
6 
7 
8 
1 
+ 
-
+ 
-
+ 
-
+ 
+ 
H e l i c i t i e s 
2 
+ 
-
-
+ 
-
+ 
+ 
+ 
3 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
-
4 
+ 
+ 
-
-
+ 
+ 
-
+ 
Table III.l.Labelling of the transitions in the helicity 
representation for the reaction 1 + 2 —·· 3 + 4 
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2. The partial wave decomposition of the BSLT-equation 
The BSLT-equation in the centre of mass system is 
< 4 ¡ \ ' 4 f l т^)і 1»ч»ч
і
»Ч
і
> 
< f,i*f¡ \ { , xbf | v(/e)| І,Т±І *a.. хЪ і> 
(ι) 
+ 2_> U 3 k < f,^f; Xa , Хъ | V(/e)l n,k ; λ , Хъ > 
τ, -V ì J f f ПИ 
η η 
χ 5
n
(k;\fi') < п , к } Х
а
, } .
ъ
| Т(із) I i , t t i Xa ,ХЬ > . 
By employing the partial wave decomposition we are able to reduce this 
equation, which contains three-dimensional integrations, to a set of 
equations involving one-dimensional integrations only. In the following 
we drop the Js, but a dependence on V"s is always understood. 
When we take the z-axis along the initial momenta, then the partial 
wave expansion of the T-matrix according to the convention of Jacob 
and Wick reads : 
<*.«*»··*' 4f»Xbfl <ф. °'°! \'*ъ±> -
(2) 
= 4ΪΓ Ç (2J+1) <Г»^;^а
г
'
Х
Ъ
г
1^и.^!А
а
.,Х
ъ
.> 
λ
ί *f 
where in polar coordinates : 
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T
±
 - («І»О,О) , f f = (qf.e 14) . (3) 
and where 
Xf = V \ λ ι - \ - \ ' (4) 
The partial wave expansion of the potential has the same form. 
The potential occurring in the second term of the BSLT-equation does 
not have the appropriate form for a partial wave expansion, because 
the incoming momentum к may have all directions. We have to trans­
form it into a better one. Writing 
I n»*' A
a
 . Х
ъ
 > = | n,k, e k, Ф к; λ α , Л ъ > 
η η η η 
(5) 
= R( ф
к
>
 к
,- Ф
к
) I n,k,o,o5 Л а ,\ъ > a 
η η 
defining angles φ', θ'»^1 Ъу 
Η ( φ · · . β ' t i · · ) - R _ 1 ( ф
к
» а
к
· - ф
к
) R( φ , e,-Φ) (6) 
and using the r o t a t i o n a l invariance of the p o t e n t i a l s 
R"1 V R - V , (7) 
we can show t h a t 
< f , q f , e , $ | * a f , * b f | V | n , k , ô k > Ф к ; λ ^ , λ ^ > -
( θ ) 
= < R( φ ' , θ ' , І " ) ( f , q f , 0 , 0 ; X a , X b ) | v | n .k .0 ,0 ; λ , Х Ъ > . 
f f η η 
By writ ing 
Η ( φ Ί Θ ' , І " ) = R( ψ ' , e ' f- f ' ) R(0,0, φ·+ i · · ) (9) 
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and using the property 
-і<х.(>-ул) 
R(0,0,* ) | q,0,0; λ,Μ> = e | q,0,0; 7. ,f > , (lO) 
we finally get for the potential in (8) : 
i λ (ф.+ ^.) 
= β < f . q f , í ' . ^ ' i X a Л ъ τ η , Μ , ο α , > b > 
f f η η 
( η ) 
and we may use the p a r t i a l wave expansion ( 2 ) . 
The i n t e g r a l in ( l ) becomes 
f d 3 k < f , q f ; ^ a , X b | v | n , k ; A a , Хъ > Gn(k; fs) 
X < n , k ; %
a
 , Х
Ъ
 I T I1·»!» »*Ъ > 
η η l i 
16 
±-τ Z^ (2J+1)(2J'+1) d>k <g) ( ¿ ' , θ ' , - φ ' ) 
TC J , J ' J λ η *f 
i U ^ ' + t ) (J)* , ,
n o
, 
-
 e
 2 >
λ
.
 х
( Ф к ' к · - ^ ) ( 1 2 ) 
Λ
ι
 A
n 
X < f , « l f ; λ . , Х Ъ |V J ' I n f k 5 > , χ > G (к 5 /5) r a f Df | ι a n D n ^ η 
X < n , k ; A
a
 , > b | T J | i , q i } Х а , , Л Ъ . > 
"η η " " i i 
From equations (6) and (9) one gets 
J d<t>k d(oos к ) ¿ 0 χ χ ( φ ' , β · , - φ ' ) e 
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( J ) * 
λ
ι λ
η
4 
χ 3) *.·> ( Ф к » 6 к ' - Ф к ) 
Ä »ч •···-•> s -
So, the integral (12) becomes 
f~ Z(2J+1) S ) ^ *
λ
 (Φ,θ,-d)) jk2 dk 
X < f , q f ; A a , > b \V
3
 |n,k; Л
а
 .Л
ъ
 > G
n
(fc»J") 
X <n,k; A
a
 , Х
Ъ
 ІТ \ i,q±; X a ,X b > , 
η η i i 
and finally we might use the orthogonality of the So -functions t 
find the partial wave projected form of the BSLT-equation : 
< f ' V A
v
> b f l T
J | i , q i i V , x b i > 
< f » V * a f . X b f ! • | ^ ^ 5 Х а 1 » Х Ъ . > 
2 _ ( dk <f,q f ;X λ | v J | n , k ; X a , λ , 
J i ί η η 
η , λ
β
 » Х
ъ 
η η 
Χ k2 G
n
(k;/s-) < n , k ; X
a
 , \ b | TJ | і,і±і \ & , \ ъ > 
5. Transition to the LSJ - representation 
In helicity space we have four coupled states. We can halve the number 
of coupled states by considering the states in the LSJ - representation 
in which they are eigenstates of the parity operator. This transition 
can be made by using the formula [Ja 59J: 
L S J i i S 
< L S J M J JM;XlX2> - J f g i С 0 λ > С , (1) 
L S J 
where C„ ,, „ is an SU(2) Clebsch-Gordan coefficient. Then it is M. Mg M ч ' 
straightforward to calculate the amplitudes in the LSJ-representation : 
<L„,ST,| Τ | L.,S."> from the partial wave amplitudes T» in the 
helicity representation. (The connection of the label I with the 
helicities is shown in table Ш . 1 . ) . One finds : 
< J ,0 | TJ | J ,0 > = TJ T J 
2 
< J ,1 | T J | J ,1 > = т^ - TJ 
< J ,ο I TJ I J ,1 >= T¿ - т^ 
( 2 ) 
< j , I | T J | j ,ο > - i j - T:J , 
<J-1,1 I T J | J-1,1 > = ¿ Γ f J ( TJ
 + Т )^ + (j+l) ( TJ + TJ) 
+ >/J(J+I)' ( ^ + ή + т^ + TJ) ] , 
< j+1,1 I T J I J+1,1 > = - ^ [ (J+l) ( TJ • TJ) + J ( т^ + TJ) 
- yj(J+D ' ( *j + т£ + ή + ij) ] , 
<J-1,1 I T J | J+1,1 > = ^ L . [ - , /J(J+I)" ( TJ + TJ2 - т^ - TJ) 
+ J ( TJ5 + T¿) - (J+l) ( TJ + T J ) J , 
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<j+i,i| T J|j-i,i>- 1i T r [ - yj(j+i)" ( ij + ij - τ' - TJ) 
- (j+i) ( τ' + TJ) + j ( ή +
 TJ)J 
All other matrix elements are zero due to parity conservation. 
Of course we can make the same transformation for the potentials. Then 
we are able to transform the BSLT - equation in the helicity represen­
tation to an equation in the L3J - representation. We will not give the 
details of this calculation. It is quite straightforward hut rather 
tedious work, involving only the use of the orthogonality properties 
of the Clebsch-Gordan coefficients. The result is 
<f,qf!Lf,Sf | T J| i,q15Li,S.,> - <f, qf ; Lf ,Sf | VJ | i.q^L^S. > 
CD 
(3) 
+ ¿ A \ dk <f,qf;Lf,Sf| VJ I r,k;Ln,Sn>k2 Gn(k;/i) 
n,Ln,Sn J 
о 
X <n»k!Ln'Sn T J | i»4i5Li»Si> · 
So we have replaced one equation with four coupled states by a set of 
two equations with two coupled states. 
initial states 
|J ,0 > |J ,1 > |J+1,1 > |J-1,1 > 
| J ,0 > 
| J+I,I > 
| J-1,1 > 
1 
7 
8 
2 
n 
U 
3 
6 
5 
4 
Pig.III.2. Possible transitions in the LSJ - representation. 
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The space - spin part of the T-matrix in the LSJ - representation has 
been visualized in fig. III.2. In nucleon-nucleon scattering the 
transitions 7 and 8 are not allowed due to the generalized Pauli-
principle in exact SU(2) symmetry. 
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CHAPTER IV 
THE POTENTIALS 
1. The one-boson-exchange potentials 
In our approximation, the potentials are given by the off-shell T-matrix 
elements for the one-boson-exchange diagrams. V/e will consider the 
exchange of pseudoscalar, scalar and vector mesons. In this chapter, 
we restrict ourselves to the space-spin part of the interactions, in 
chapter V we will look at isospin and SU(3). 
We will calculate the potentials for the direct diagram of the reaction 
1 + 2 —» 5 + 4 in the centre of mass system. Then the fourmomenta 
are 
P
x
 = (^|Р°) ι P 2 = (-йі»Р|) » 
(1) 
/—*• О \ / · * О \ 
Pj = U f»Pj; » P4 = {-iftV^l 
We will not specify yet the fourth components of the momenta. Energy-
momentum conservation implies 
P-L - P3 - P 4 - P 2
 s k
 (2) 
In our choice of taking the z-axis along the incoming particles and 
using the scattering plane as the x-z plane, we have in polar coordinates 
i± = («li,0,0) , "ζ = (qff 6,0) . (3) 
The interaction Lagrangian consists of the following parts : 
pseudoscalar meson interaction : 
«¿int-^^iVtVt + h - • (4) 
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scalar meson interaction : 
°?L· =gi3 <ΐ3ΐΊ>4>
 + h
·
0
· ·
 ( 5 ) 
vector meson interaction : 
^ I
n t = gî5 ( ψ 3 ι ^ Λ ) Φ Γ + ( б ) 
+ (f У 4M) п3(Г^\) (tf^-ò^) +Ь.с. , 
where Чл and *\|/, are the Ъагуоп fields, о is the meson field, g., 
and f,, are coupling constants and M is some scaling mass, in our case 
the nucleón mass. 
In the case of pseudoscalar meson exchange, the one-boson-exchange 
diagram gives : 
V (Ρ) I q^; λ
χ
, Λ 2 > = u(qf, λ ? ) g 1 3 ^ 5 u(q±, λ χ) 
1 -, - Ρ ^ ( 7 ) 
и(-<^, λ.) g,, 2íc u(-q. , λ
;
 Ν 
к +/Α -it ч ^ э 
Using the explicit forms of the Dirac spinors (eqs. (ill.1.6) (ill.1.7)) 
it is very easy to evaluate this expression. Y/e get 
t Ι Ρ ι Ρ Ρ 
< i f ; λ 5 » λ 4 h r (P) q ^ Xj_, λ 2 > - &13§24 ,2 2 , , 
к + и -i£ 
r
 (8) 
χ (2W1 X 3q f-2W 3 >iq.)(2W2 X 4q f-2W 4 λ ^ ) B( λ ρ λ ^ λ ^ λ^ θ ). 
where 
if - lîf I » li - ІЧ*ІІ 
W i = E. + пь for i=l,2,3,4 , (9) 
Ν = ( Wj W 2 W 3 W 4 ) " * 
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and the function В is defined as 
Β(>
Γ
λ 2,λ 5Λ 4; θ) = Ι Χ λ e ¿ Χ 
For scalar meson exchange, we get 
t І І <T2 -ι Γ + І І er 
.ч · 
χ 
(io) 
< ?
Γ
; λ 3 , λ 4 v
s(p) Ι α*; \
v
 x2y - - g1 3 g 2 4 -^ 2 — 
x (w 1 w 3 -4\ 1 X 5 <i i 4 f )(w 2 w 4 -4X 2 X 4 4 i q f ) B( > ρ λ 2 , λ 3 , > 4 ; θ) 
(и) 
Note that the fourth components of the momenta don't occur in these 
potentials, because the Dirac spinors are a function of the three-
momentum only. But in deriving the vector meson exchange potentials 
one has to he careful with the off-shell momenta. For example, the 
Dirac equation 
( i|$ + m ) u(p, У·) - 0 (12) 
is valid only for on-shell momenta. When the momenta are off-the-mass-
shell it should be modified into 
where 
( i?+ m ) u(?,\) 
Ρ = (Ρ,Ξ(Ρ)) , 
(13) 
or into 
( i /
+
 m + i Ϊ 0 [ Ε ( Ρ * ) - Ρ ° ] ) u(p,X) (14) 
Using this modified Dirac equation one can derive the following 
formula which is quite useful for the calculation of the vector meson 
exchange potentials : 
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u(p^, λ 2 ) СГ (Ρ2-Ρι) (^P*!» λ χ) 
(15) 
- uCp'g, >2) [(m2+m1)Ö'v +1(^2+^^ u(plt \ χ) 
+ (ρ°-Ε2.ρ°+Ει) U+(ïT2,>2) [X(l- Sov )] u t î ^ j ) . 
We will not go into further details about that calculation, it is 
completely straightforward. So we will give the result directly. 
Defining a function С Ъу 
ο(λ1,λ2,λ3,λ4, θ) -
.+ ІІ О; 
(16) 
к 
X e 
λ. ^ * > 
+ iriecr 
X e 
σ*Χ 
->. 
and splitting the potential into five pieces Ъу writing 
< rf·, x3,x41 vV)| r i5 \vx2> - k2+ N2_i£ 
{ ί 3 4 4 V i e + Î«13«Î4//»2) VII + ( g W 2 M > vem («) 
+ (fï3«î4/2M) Vme + ( f ^ 3 4 4 / 4 M 2 ) ШШ } , 
we have 
Г
 =
 ( w i ' , 7 3 + 4 X l X 3 ( 1 i < 1 f ) ( W 2 ' V 4 X 2 X 4 q i q f ) Β ^ ι · > 2 · λ 3 , λ 4 ; e ) 
- (2W 1X 3q f+2\Y 3X 1q i) (2Wg *4<lf+2W4 λ ^ ) C( Xj.Xg.Xyty θ ) , 
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v i i " [(m3-mi) (V3" 4 λ ΐ λ 3 1 ι ς ΐ> + ( P J - ^ - P I ^ I ) ( w iV 4 X i X 3 q i q f ) l 
x [(m4-m2) (W2W4-4X2 \ 4 q i q f ) + (p°4-E4-p^+E2) (w^+4 λ2 λ ^ * , ) ] 
χ в( *
г
 V W ^ 
' . comes from the к1** /LL 
propagator. 
The term VZZ. YK\L /JJ. - part of the vector meson 
е Ш
 = - { (2 X 3 a f +2 \г<1±) (2W 1 X 3 q f +2W 3 X 1 q i ) ( W ^ - 4 X g X ^ O j ) + 
+ (W 1 W 5 +4X 1 X 5 q i q f ) (2 X 4 q f -2 Xgq^ (2W2 X4q f-2W4 X ^ ) j 
x B( λ 1 , λ 2 > λ , , λ 4 5 θ ) 
+ ( ( P j - P p (2W 1A 3q f+2V/ 3X 1q i) (2Wg λ ^ - ^ λ . ^ ) 
- (2'.V 1A 31 f+2W 3X 1q i) (2 X 4 q f +2 X2q±) ( W ^ - 4 λ 2 \Ч&) i 
χ ο ( > 1 , \ 2 , λ 3 , λ 4 ; β ) 
v
me = - J ( W 1 W 3 - 4 \ 1 A 3 q i q f ) (2 X 4q f+2 Х ^ ) (2W2 X4q f+2W4 λ ^ ) 
+ (2 X 3 q f -2 \гЧ±) (2W 1 X 3 q f -2 ' f f 3 > 1 q i ) ( « 2 γ 4 λ 2 λ ^ ) j 
χ в( λ^,\ 2 , λ ι Λ . ! θ ) 
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^ (РЗ"Р°) (2W1 X3q f-2W3 \1І±) (2W2 X^+2^1^ \<1±) 
- ( 2 λ 3 ^ 2 λ Λ ) ( ^ V ^ l V i ^ f ' ( 2 » 2 Л 4 ^ 4 \ 2 4 і ) V 
уіш 
χ С( λ
Γ
> - 2 ) λ 3 > λ 4 ; θ ) 
[(р°-р°) (2W1X3q f-2W5X1q i) - (W^-4 X ^ ^ l f ) ( 2 X ^ 2 ^ 5 ^ 
χ (2 X3q f+2 λ ^ ) (W2W4-4 λ 2 \1±^ ) 
+ K P J - P J ) (2W2X4q f-2W4X2q i) - ( W ^ - U j λ ^ ) (2 %4q f+2 λ ^ ) 
x (2X 4 q f +2X 2 q i ) (WjWj-4 λ χ X ^ ^ f ) 
+ (2 X3q f-2 X 1q i)(2W 1> 3q f-2W 3X 1q i)(2 X4q f-2 λ ^ ) ^ %4qf-2W4 λ 2 » 1 ) j 
x Β ( λ
:
Λ 2 > λ λ . ΐ θ ) 
Í[(P3-P°) (2W1X3qf-2W3X1qi) - (W^-4 λ 1 X ^ ^ f ) (2 X?q f+2 \ΐ±)\ 
' [(V\-V°2) (2W2>4qf-2W4X2qi) - (W^-4 λ2 λ ^ Λ ) (2 λ ^ + 2 λ ^ ± ) ] J 
χ C( λ
Γ
Χ 2 . λ 3 , λ 4 ; θ ) 
+ ( l ^ W j - O ^ j l i l f ) ( W 2 W 4 - 4 \ 2 X 4 q i q f ) | q i + q f 2 Β( ^ , λ , , , λ ^ ; θ ) . 
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2. The partial wave projection of the potentials 
The partial wave expansion of the potentials is given Ъу eq. (III.2.2), 
The inverse relation is 
<*f»*a f »^ f | ν ί | 4 » \ . λ ^ > " 
(ι) 
2ΤΓ 
-ι 
*' (J) 
do 036 d>iXf
(e)
 < »°'\>\| К'°'°' V ' 4 ^ 
The potentials have the following form : 
< q f · β , ο ; χ »Хъ I
 v
 I Ч'°'0іХ& <Х
Ъ
 > •
 2
 X
2— 
1
 a f Df ι ι ι
 a i °i ' k 4 u - i £ 
X
 ( Ъ
е
(1 ± .<1 £ ) Β^(θ ) + Qt ( q i f q f ) C4( θ ) (2) 
+ d f(qi»q f) | V ^ | 2 B¿( β) J 
The label i is given Ъу the helicities as indicated in table III.l. 
Por the functions B. and С defined in (l.lO) and (і.іб) respectively 
we have 
Ъ
х
 = B3 = C3 = £ ( 1 + cos θ ) , 
B2 = - B4 = - C4 = - І ( 1 - cos θ ) , 
C 1 - - i ( 3 - cos θ) , (5) 
c2 = i ( 3 + cose ) , 
B5 = - B6 = - By = B8 = C5 = - Cg = - C? = C8 = - І sin θ 
Note the symmetry property of the potentials : 
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< V4 f'4 f 
v
 \Ч'К±'^ь> 
(4) 
< v \ »'"Ч f f Ч*"\*т\> 
For the calculation of the partial wave projection of the potentials 
we split off the dependence on cos θ . Thus we write for the nominator 
of the meson propagator : 
k 2 + j * 2 - i£ - 2 q i qf. ( χ - cos 6 - if) (5) 
where 
1 Γ 2 
24i4f L q i 
.2 1 
*f + A " 4 ( P a , _ P P.
 +
Р
Ъ
 ) 
i af 
(6) 
Because 
| ξ^  + q^| - q± + <lf + 2q1qfX - 2qiqf ( ι - cos β ) , (7) 
we can write for the potentials 
/ 2q - — ^ T - Г?» В, ( θ ) + с С. ( θ )1 - d.B. ( θ ) , (8) 
. cu x-cos β |_ f i ч ' ί •£ J Ι Γ 
where the functions f. are defined as 
f - bt + (q
2
 + q2 + 2q.qfX ) d{ (9) 
Expressing the d - functions in terms of the Legendre polynomials 
( see the appendix ), we may use the following relation between 
Legendre functions of the first and second kind : 
+1 
r
(x) -* j a ζ Pj(z) (10) 
-1 
Let us consider the calculation of the potential V!¡ 
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"»Ve have 
(J) 
d00 ( 9 ) = P J ( C 0 3 β ) 
\(6) - £ ( 1 + cos θ ) 
and 
С1( ) - -i ( 5 - oos θ ) 
So 
+ 1 
V J = 1 2 q iq f 
d z
 /гт [^(1+z)fi - -H3-z)Cll 
+ 1 
2rc dz Pj(z) i(l+z)d1 
-1 
Using z=»x-(x-z) , we get : 
+ 1 
PT(z) 
~^ ~ J dz ЗГ^Т [^ι(1+χ) + ΐοχίχ-ΐ)! J _ тс 
ι
 =
 і±г 
-1 
+ 1 1-1 
π j dz
 P j(,)i (f 1 + C l) - 2 TC j dz Pj( 
-1 -1 
For the second and the third integral in this equation, 
orthogonality property of the Legendre polynomials : 
1-1 
{dz Pj(z) PJt(z) = 2§TÎ S J J t 
Remembering that 1 = P0(z) and that ζ = P.(ζ), we find 
result : 
<=T¿Tf { [fi(x+1) + 0ι( χ"5)] « j W 
- ( V V ^ i V V 8jo - M^ <*iVi Sji ) 
In the same way the other partial wave projections may Ъе calculated 
V2 = T ^ 7 { [f2(x-D * c 2(x + 5) ] Q j (x) 
- (f 2+C 2-2 q iq fd 2) SJ0 - (2/5) q i V i 2 S n J , 
and 
3 q 
i 
- (4/5) lilfdj δ
 n
 V , 
' « Λ { ( V ° 4 ) ["Qj(x) + ^  Q™>> + аЙК-і^. 
-(2/2/3) *±%іА S n j , 
for f=5,6,7,θ.V/e note that for J=0 we have contributions for V1 and 
V 2 only. 
The formulae can be simplified a little by using the recursion formula 
of the Legendre functions : 
x х )
 - Ш V i ( x ) - é n W x ) - 0 for J>1 . (17) 
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In this way we obtain the results of [Ge 75]· 
3. The contributions from the crossed diagrams 
The formulae given in the preceding sections, concern the contributions 
of the direct diagrams. In this section Tie want to consider the contri­
bution of the crossed diagrams, that is the diagrams for the processes 
1 + 2 —»4 + 3 , to the potentials for the processes 1 + 2 —•З + 4 . 
Then we have to take care of the Jacob and Wick phase conventions. 
When we interchange the two particles in a state, then we get a state 
which is related to the original one by 
I A ~ A -u ι 
4» θ ,0; л
а
, Х
ъ
;а,Ь > - (-) q, θ - Π ,0; Xfe, Aai°,a > . 
(ι) 
Using this relation, we find that we may write : 
+ι 
Г ( J ) 
= 2ТГ d ( c o s θ) iy -, , j (θ) (2) 
_\ \ - \ λ 3 " Λ 4 
< 4 f f © » 0 | λ 3 , λ 4 IV | q i , 0 , 0 ¡ \ r X 2 > 
λ 3 _ λ 4 Γ ( J ) 
- 2TC (-) J ч J d(cos ) і
л
 _v \ - \ ( + R ) 
-1 
< q f , 6 , 0 ; λ 4 , λ 3 I V I q ^ O . O ; \ ± , X¿ > 
( - ) J 2 K J d ( c o s ö ) d , ( θ ) 
-1 
< q f » Θ,Ο; λ 4 , λ 3 | V | q . , 0 , 0 ; X l t X 2 > 
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Here we used a symmetry relation of the d-functions (see appendix). 
Let us denote the partial wave projected potential for the case that the 
particles 3 and 4 are interchanged ( thus for the direct diagram of the 
process 1 + 2 —*• 4 + 3 ) by X. · So, 
M
 (J) 
xj = 2ТГ f d ( c o s e ) dj, _
λ χ
 _
χ
 ( θ ) 
(5) 
< q f , e ,0; λ 4 , λ 3 ; 4 , 3 | V | q i , 0 , 0 ; A 1 , λ 2 | 1 , 2 > . 
We want to know the relation between the potentials V« and X. for the 
same diagram. 
For -i=l, we have λ-, - λ „» λ ,= Λ .=+è- , so 
r+' (J) , ι 
V^ - 2ГС j d(cos Θ) d 0 0 (θ )<q f, θ,0; + , + ;3,4 J V |q.,0,0; + , + ;l,2 > 
-i 
+ 1 (J) 
(-Γ 2ÏÏ ld(cos Θ) d Q 0 ( θ ) <q f, θ ,0;+,+;4,3 | V | 4l,0,0|+,+|l,2 > 
or 
v{ = (-)J x{ . 
Let us take another example, take ·? =3· Then λ 1=λ 2=
+
^' and >.„= "λ л~~Ь 
and 
t 1
 / 4 
τ τ Í (J) i l 
V5 = (-) 2TÍ I d(cos θ) d1 _x( e)<q f, 6,0;-, + ;4,3 | V |q.,0,0;+,-;l,2> 
-1 
+ 1 
(-)J 2TC 
(J) , . 
d(cos Θ) d_
x x
( θ )<q f,e,0; + ,-;4,3 V q.,0,0;-,+;1,2 ^  
where we made use of one of the symmetry relations of the d - functions 
( see appendix ) and relation (ill.1.8) for the potential. So we got 
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v¡ = (-)J x¿ 
The other relations can Ъе calculated in a similar way. The result is : 
vj = (-)J xj , vj - (-)J xj , 
v^ = (-)J x*[ , vj = (-)J x^ , 
'3 ч ' 4 
r¡ · (-)J X5 
rf = (") X8 
ή - (-)J x' , ii - (-)J xi , 
v£  (-)J x¿ , v i ш (-)J ¿ . 
(4) 
4. Including a formfactor 
Up until now, we did not mention the use of a formfactor. But as we 
will see later (chapter VII), the nature of our equations is such that 
we have to use a cut-off function or formfactor. Furthermore it is 
reasonable to assume that the vertex factor is a function of the 
momentum transfer at the vertex. So the potentials we are working with, 
are given Ъу the original formulae times a function F(k , Л)» where к 
is the four-momentum carried by the exchanged meson. We will call Л 
the formfactor mass. 
Thus the potential (2,2) should read s 
о 
<q f,e,0;X , λ I v| q.,o,0;X Л ъ > - f k j A ) f f i ' 1 1 к +11. -it 
x
 { bt(^i»lf) \(&) + O t(q i tq f) Ct( Θ) (1) 
+ d?(ai.qf) |?i +i f| 2 В ( θ) 
Due to the dependence of the formfactor on the scattering angle θ , the 
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partial wave projections of the potentials have to be modified. The 
calculation of these projections goes along the same lines as the cal­
culations shown in section 2, therefore we will give only the results. 
Let us define functionals LT,RT,Sj by 
fi 
P-(z) F(z) 
lz 
'J1 
Lj(F,x) -i J d .
-1 
+ 1 
R 
ι 
(F) - i j dz Pj(z) F(z) , (2) 
-ι 
+ 1 
Sj(P) - І | dz ζ Pj(z) F(z) 
-1 
where, for short, 
F(k 2,A) = F(cos B) . 
Obviously 
Lj(l,x) = Qj(x) , Rj(l) = S J 0 , Sj(l) - i SJJ . (5) 
The partial wave projections of the potentials then are : 
ν
ί
 =
 ^ 7 ( [ fi ( x + 1 ) + ci ( x" 3 )] LJ ( F , x ) 
- (f1+01+2qi4fd1) Rj(F) - 2qiqfd1 Sj(F) } , 
^'{¿ζ {[f2^^ + °2^] Lj(F )^ 
(4) 
- (f 2+c 2-2 q iq fd 2) Rj(F) - 2q iq fd 2 Sj(P) f 
Θ0 
v3 =i^7 {(V°3> [ 'х> + én W*.*) + én bj-i<».*>] 
-
 24i^fd3 [ V F ) + 2JÏT R J + 1 ( F ) + 2J7T R J -!<'>] } . 
V 4 = V Í W+c4> [" VF'X) + én WF'X) + 2Ш bj-i<».«>] 
-
 2
^f d4 [- VF> + én RJ+i(F) + 2І7Г Rj-i(F)]} 
г α 
-
 2
Ч*А [ R J +i(F) - Rj-i<F)] } 
for ί - 5 , 6 , 7 , 8 . 
Of course, for J=0 we have 
V° = 0 for É- 3,4,5,6,7,8 (5) 
These formulae can be reduced to the simpler original ones when one 
assumes the following form for the formfactor : 
F(k2,A) - -J -g 
к + Л 
(6) 
Then we may employ the trick of writing 
Л ' 
2 . , 2 , 2 , A 2 2 / . 2 , 
k¿
 + A
¿
 k¿
 + л< ι - (
Λ
7 Λ Ί к
2
 + yu.2 к2 + Л 2 
(7) 
61 
In this way the formfactor can be taken into account by adding a meson 
with the mass A and modifying the coupling constants. Then the original 
formulae of the partial wave projections can be used for each of the 
terms separately. 
In this work we use a quadratic formfactor 
2 ,2ч / A 
F(k',A') - Ι -Г1 2 I » ( 8) 
к + Л 
but when we approximate F by 
Л
2
 л
2 
F ( k 2 , A 2 ) = - Т - Ч - Т - Ч (9) 
к + Л : к + Л 2 
where 
Λ 1 = Λ + ε , Λ 2 = Λ - £ , £<ί<Λ 
the trick may be applied twice. In actual calculations, the formfactor 
p 
masses Λ are of the order of 1 GeV/c . Then for С a value of 
p 
2 Mev/c is taken. We cannot take ε much smaller because then we have 
troubles with the numerical precision of the calculations. But it turns 
out that the results of the calculations are stable with respect to 
ρ 
variations of a few MeV/c in t. 
5» Troubles with the partial wave projection 
For a moment we want to consider in more detail the Legendre functions 
of the second kind appearing in the partial wave projections of the 
potentials. The argument χ of these functions depends on the meson 
mass ¡λ. and the participating momenta. We have 
2 q ± 4 f 
Γ
2
 2 , 2 i / o о о , О ч 2 " | ,lS 
[ q± + 4 f + A « І ( Р а . - Р ъ . - Р а ^ Р ^ ) (1) 
for the direct diagram and 
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2 *
Λ 
Г 2 2 
L q i + q f 
. , 2 г / О ο , ο 0 \ Í 
+
 Л -* < S"*1'! a f "V ( 2 ) 
Li 
+1 
for the exchanged diagram. 
As might been noted from 
the relation between the 
Legendre functions of the ^ ^ ^ 
first and second kind 
, Г
 pj( z) 
*jW - * J dz х^гт . 
-I Fig.IV.1. Analyticity domain of the 
the Legendre functions of functions Q (x). 
the second kind are analytic 
functions of their argument except for a cut running along the real 
axis from -1 to +1 (see fig.17.1). For values of χ on the cut, the 
function QT(x) will have an imaginary part and the potentials will be J 
complex. But unitarity demands real potentials for real and positive 
momenta, i.e. for the open channels. Thus we require χ ?1 for all real 
and positive momenta q. and q_. 
In the BSLT-approximation, the zero components of the momenta are fixed 
by eqs.(lI.l.lO) and (II.3.19) : 
• А Я
 +
 A Ea <k) » A Eb <k> ' 
?b = Л, Я - /*b Ea W + A Eb ^ ' 
where M and LA, are the weights ; и + M = 1 . Then we have 
(3) 
* ( Pa°.-Pb°.-Pa°4 > 
ι ι f f ft>\(4)"^a\^i)-/*b\^f)
+/*a\(4) 
(4) 
1 / О 0 , 0 О \ 
*
 ( P
a."
pb.+pa -*bj 
+
 (A - A) s* • 
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For very large values of the momenta we may approximate 
E (q. ) я» E, (q. ) Ä> q. 
ai (5) 
Ea f^f) " \<*f> ~ qf ' 
and we get the following expressions for the argument χ 
for the direct diagram : 
Χ A4 - , 
2 di qf 2 q. qf 
and for the exchanged diagram 
*l + if + л 2 ( / V A ) 2 (^-ij-q-c)2 
2 qt qf 2 q. qf 
(6) 
(7) 
We find that especially the exchanged diagram will give troubles. Take 
for example qi=qf.=q, then 
χ « 1 - 2 (/V/*
a
)2 + ^ U A ) · (8) 
So χ will become smaller than 1 for large momenta unless we adopt for 
the weights : 
A - Л» - * · ( 9 ) 
V/ith this choice the argument χ will have the following form for 
nucleon-nucleon scattering : 
2
 2 ,2 qi + 4 + * 
χ = — * (10) 
2 q¿ qf 
for both the direct and the exchanged diagram. Fig.IV.2 gives a chart of 
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5 q¡[GeV/c] 
2. 2. Fig.IV.2. Chart of the function χ = (qi+qf+l)/2qiq„ 
χ ( in case of a meson with a mass of 1 GeV/c ), showing that χ 
everywhere. We see that x-»l for q. *» q„ — • <*» . 
A very appreciated hyproduct of our choice (9) is that the poten 
become independent of the total energy Vs : 
Vfi(qf,qi;/s) = Vf.(qffq.) for Л а= Д = * 
which will save a large amount of computing time, 
For very small momenta we may approximate 
E 9& m 
a. a. 
ι ι 
£, ia m 
a f a f 
Е
Ъ. **
 т
Ъ. ' 
ι ι 
E, m m, 
bf bf 
and we get for our argument χ 
2 *
Λ 
Ы 
2 , 2 
+ q f + /λ. І (m -m -m +m )' 
ai ι af bf 
(13) 
Here we will have troubles when the mass differences are too large. 
Along the diagonal for example, we have 
χ »* 1 + — τ p. - i (m -m. -m +m, ) 
2 q2 |/* a. b ± af bf' j 
(14) 
and 
χ < 1 when m -m, -m +m, > 2И . 
ч \ af 4 ' 
qf[MeV/c] 
In YN-scattering we don't meet this problem. In the reaction ΛΝ-»ΣΓΝ 
the mass difference is 
78 MeV/c whereas the 
pion mass is 138 MeV/c . 
In the exchanged diagram 
the mass difference is 
430 MeV/c 2, but the 
lightest particle con­
tributing there, the K-
meson has a mass of 
495 MeV/c 2. 
But one encounters this 
problem when one con­
siders a process as 
Ν Δ -scattering. V.'e are 
forced to choose the 
value -g- for the weights 
in order to avoid diffi­
culties for large momenta. 
But then we get the 
picture of fig.IV.3 for 
Fig.IV.3· Chart of the argument χ of the 
Q.-functions, appearing in the 
potentials for N N — • Ν Δ . 
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Fig.IV.4«Argument χ of the Q.-functions 
for q^q^q for several mass 
differences &.The horizontal 
axis is not on scale. 
χ for small momenta, for 
the potential for the 
reaction ΝΝ-»ΝΔ due to 
pion exchange. We see that 
along the diagonal, χ starts 
at -oo and rises to some 
value аЪо е 1. After this, 
χ approaches 1 in the 
normal way. This has been 
illustrated in fig.IV.4, 
where the value of χ along 
the diagonal is shown for 
several inelasticities, 
compared with the mass /* 
of the exchanged meson. 
In the region enclosed by 
the contours x=l and x=-l 
in the q.-q_ plane (see 
fig.IV.3)» the potential 
is complex. Note however 
that this problem occurs 
only in the off-shell 
potentials, 'He have never 
troubles with the Born term 
because the curve q~(q.) 
obtained by requiring that the particles are on-the-mass-shell will 
avoid the troublesome region. 
V/e would like to remark that when one has troubles with the partial 
wave projection because of too large inelasticities, one is studying 
processes in which three particle intermediate states are important 
(e.g. NNrt states in NN and ΝΔ interactions). But then the starting 
point of the B3LT-equation (two-particle unitarity) is not a good one 
anymore. One should incorporate three-particle unitarity and one should 
work with three-particle intermediate states. 
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6. Treatment of broad mesons 
So far we have treated all mesons contributing to the potentials as 
stable ones. For most of the mesons this can be done, either because 
they are stable indeed with respect to the strong interactions or their 
decay width is rather small. There are two exceptions: the J meson has 
a width of about 140 MeV, the ε meson has a width of at least 400 MeV. 
The decay into two тс mesons is in both cases mainly responsible for 
the large decay width. In this section we want to find a correction 
for the propagator of these mesons because of their large width. 
Because these mesons show up as a resonance in тс ti scattering, we will 
try to find the propagator from the ігтс scattering amplitude. Therefore 
we assume that the relevant part of the TtTC scattering amplitude, 
represented in fig. Г .5» can be written as 
^ V ' V(s) » 4 m ^ P(-s> · <l> 
, ' m
 v
 ν where P(q )=P(-s) is the meson 
s'il TC V V propagator and Js the total 
energy of the тек system in the 
Pig.IV.5. Representation of the
 o e n t r e o f m a s s s v s t e m # W e h a v e 
«* scattering amplitude
 t Q g e p a r a t e t h e p r o p a g a t o r a n d 
dominated by the resonance. ,, „ - .. 
ujr ^^
е v e r t e x function from the 
scattering amplitude. 'He will 
do that by assuming that the normalization of the propagator is given 
by 
i P(q 2)/ = l/m2 (2) 
(in analogy with the propagator of a stable meson) and that the 
analyticity plane of P(-s) has only a right hand cut. Next we assume 
that the relevant ictt scattering amplitude satisfies an effective range 
expansion around the TCI threshold with the proper threshold behaviour 
given by the spin of the resonance. The parameters in this effective 
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Li-
physical region for ТСГС s c a t t e r i n g 
region (if interest pole of 
resonance 
Fig.IV.6. Assumed range of validity of the effective range expansion 
for the iclt scattering amplitude. 
range expansion are fixed Ъу the mass and the width of the resonance. 
We will define this mass and width via the nit phase shifts according 
to 
/ -i , ff/ -1/mr . 
's=m 's=m 
(3) 
Finally we approximate the resulting propagator P(q ) for spacelike 
о 
momenta (q >0) Ъу a propagator for a stable meson : 
A 
i P(q') 2 .. , 2 q + /л. 
(4) 
Because of the limited range of validity of an effective range expansion 
о (see fig.IV.6), we want to have an approximation for P(q ) which is 
2 best for small values of q . So the mass /A and the correction factor 
A will be given by the value of the propagator and its first derivative 
2 
at q =0. Thus they are given by : 
1 
Л 
m i Ρ (0) 
, A -
 Л
2 / ш 2 (5) 
In the normal S-wave effective range expansion the phase shift is 
parametrized as 
к cot Ь » - — + -|тк 
a ¿ (6) 
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where 
к = W s - 4m2' (7) 
is the centre of mass momentum in the tilt system. The function f(s) 
defined by 
f(s) = к ( cot δ - i ) (8) 
is an analytic function of s except for a cut along the real axis from 
. 2 
s=4m^ to α 
defined by 
2 
s=4m to oo . It is not very hard to see that the propagator P(q ) 
2 1 f(0) 
І P(q ) = -K ρ - , (9) 
m
2
 f -q2) 
satisfies all requirements. Using equations (3) and (6), we can now 
calculate this propagator : 
, 1 + 8 І pRm „· /m 
i P ( q 2 ) , , (10) 
2 2 / 2 2 
1 + m + 4YvR\Jq. Ншп 
in which the dimensionless quantity ( is defined as 
* = т Г / 8 р 2 , (11) 
and in which p_ is the value of the reTt centre of mass momentum at the 
κ 
resonance : 
? R - i \/m
2
-4m2 ' . (12; 
The mass of the effective meson turns out to he given by 
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m
2
 + θ YmT CpR 
Λ = т^ · (и) 
1 + Y p R / m u 
For P-waves, the effective range expansion reads 
.3 „χ C- _ 1 . ι _ ,2 k5 cot 8 = - - + i г к . (14) 
Then we define 
f(s) = k 3 ( cot S - i ) , (15) 
resulting in 
2, 
1 - У т ^ /m p R 
1 P( =
 1 ¡ Fl гі^" (16) 
q. + m - ( f/pR) [_q +4mT J 
and 
m - 8ТГт /ρ 
S = — = - - * . - (17) 
1 - 5 β m„ /p R 
Note that the propagator for spin-1 mesons has a pole for spacelike 
momenta (see fig.IV.7)· This pole should not appear in the propagator 
о 
according to our assumptions, but a singularity in P(q ) for some large 
2 
value of q. viould not harm us because it would not show up in the final 
2 2 
propagator derived from the behaviour of P(q ) at low q only. But the 
pole above is so close that it will effect the propagator at small 
momenta. In stead of trying to cure this pole in the v/ay as has been 
done by Schwinger [Sch 7l] and Nagels [Na 75] > we assume that apparently 
the region of convergence of the effective range expansion is too small. 
So, extending this region by taking the next order term ( proportional 
4 \ to к ; into account, could cancel this pole. However this leaves one 
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m
2 P(q2) 
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Fig.IV.7· Propagators P(q. ) in the effective range expansion (ER) 
and in the Chew-Mandelstamm expansion (CM) for spin-0 
and spin-1 mesons. 
parameter, the shape parameter, undetermined. 
For Ρ waves, Gounaris [Go 69] found another expansion in the formulation 
of Chew and Mandelstamm [Ch 60] , in which the region of convergence 
is hoped to Ъе larger. We copied their derivation for S waves. It will 
take us too long to give a detailed derivation of these expansions. 
One writes down a partial wave N/D dispersion relation for the ΤΓΤΪ 
scattering amplitude and approximates the left hand cut with a single 
pole. Then one uses the relation 
sot о. Re D, / Im D. (18) 
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for the iru scattering region. The position and the residue of the pole 
are unknown constants here. 
The resulting Chew-Mandelstamm expansions are 
for S waves : 
i| cot δ = a + Ъ к 2 + h(s) (19) 
and for Ρ waves 
,2 
• cot δ = a'+ b'к + к h(s) (20) 
h(s) =<^  
where the function h(s) is given by 
f ( 2 k / ^ M 2 | ± * E ) 
2 lkl/rt/1-; arc tan l ^ щ ) 
2 | k l / r t ^ l n ( i Ü | L ± £ I ) + i <* 
s5 
f o r s > 4m_ 
f o r 0 < s < 4m 
f o r s < 0 
(21) 
Re f 
OB 
07 
06 
\ °·5 
и 
\ 
03 
02 
01 
-0.5 
:«i 
-
• 
• 
1 / 
4 05 10 1.5 
F i g . r V . 8 . Re h ( s ) . 
The r e a l p a r t of h ( s ) i s 
d i s p l a y e d i n f i g . I V . . 
For s m a l l momenta we have 
\¡s h ( s ) » 2 к / i t ш
л 
+ к3/* m2 + ©'(к4) , 
(22) 
and then this expansion 
reduces to the normal 
effective range expansion. 
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In the neighbourhood of the resonance v/e make the approximation 
h(s) я» h(m2) + (4k2 - 4P2) h'(m2) , (23) 
where 
h'(m2) 
1 
+ 
x
 ι ( m + 2 P R 1 
— г in I ) 2 3 2 Tim 7Ip
n
m 2m. 
(24) 
For the rest we follow the same procedure as with the normal effective 
range expansion. 
Por S waves we define 
f(s) = | ( cot S - i ) (25) 
then we get the following expression for the propagator 
2 
i P(q¿) 
2 
m с 
[h(m2) - 1/тс] 
2 2 /. 2/ ч 
q + m - (4pR/c) 
h(m¿) 
2 Vi +4«π„ 
F / 2 , 2 ' 
In 
Ttq 
, у ц т ^ т
Ч 
2 m 
(26) 
where 
с =( 4Р| / т 2Г) + 4P2 h'(m2) (27) 
This results in an effective mass given by 
л
2
 = 
m
2
 - (4Рд/о) [h(m2) - 1/пг] 
1 + (PR/ 1 2 T C C\) 
(28) 
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For Ρ waves we get via 
f ( s ) = J = ( cot δ - i ) (29) 
a propagator of the form 
i P(q 2 ) 
2 
1 + -Ц- |"h(m2) - 1/тг] 
q ll+h(m )/oJ + m + (4m
c
/c) 
/ 2 . 2^3/2 / 2 , 2 ' ~ (q +4m«) l / q + ^ + q 
h(m ) 2 1 4 У 
ATTqm^ 2 т
я 
(30) 
and an effective mass which i s given by 
2 
2 
+ ( W c ) [h(m2) - 1/тг] 
-U - =-Ц 4: . (3D 
1 + (l/c) [h(in ) - ІЗ/І2ІІ] 
The propagators P(q ) are shown in fig.IV.7. We don't see a pole in the 
Ρ wave propagator now. In fact a singularity is still present, but it 
is shift« 
results. 
2 
ed to such a large value of q that it will not effect the 
For the Ç meson we used the values m=770 MeV, Γ1 «I46 MeV. Then we 
get an effective mass of 8I7.4 MeV in the normal effective range 
approximation but according to the Chew-Mandelstamm formulation the 
effective mass is 748·0 MeV. This is the value which we used in our 
calculations. 
It is still very hard to say much about the £ meson. It became clear 
already rather early that in OBEP-models a low mass scalar meson was 
needed to describe the nucleon-nucleon data. Mostly a mass of 400 I.IeV 
- 600 MeV was assigned to this cr meson. Recently one tried to avoid 
the introduction of a fictitous <r meson by using the broad ε meson, 
which had a mass of about 715 MeV and a width of 4OO MeV fBi 7І] , [Br 72] 
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The resulting propagator for the ε meson, which had a form like 
equation (lO), was approximated Ъу a system of two effective mesons 
with masses of about 510 MeV and 1180 MeV. Later, the existence of the 
£ meson became less evident experimentally. In the irte phase shift 
analysis of Protopopescu et al [Pr 73j» there is a solution which 
contains a pole in the 1=0 J=0 tflt amplitude located at 
E(fc) = ( 660 + 100 ) - i ( 320 + 70 ) MeV (32) 
in the complex energy plane, but the errors are so large that it is 
hard to assign a mass and a width to the resonance corresponding with 
this singularity. When one uses a normal effective range expansion to 
fit the location of the pole, the mass varies within one standard 
deviation from 660 MeV to 882 MeV and the width from 248 MeV to 648 MeV. 
Using the Chew-Mandelstamm parametrization the mass varies between 
45O MeV and 7OO MeV, the width is larger than 6OO MeV. So there is not 
much to say about these values at this time. We decided to calculate an 
average value for the effective mass of the meson estimated as about 
56O MeV. Because we don't know the real mass of the g meson it is 
useless to calculate a correction. 
Summing up, we replace the f meson with a mass of 770 MeV and a width 
of 146 MeV by an effective meson of 748 MeV and we will use a stable 
£ meson with a mass of 56O MeV. 
7. Some off-the-mass-shell effects 
In the first section of this chapter we remarked that we have to be 
careful with intermediate states in which the particles are off-the-
mass-shell. For the zero components of the momenta we have : 
p° = i (Ve + Ε (ΪΓ) - Ε, (¡Γ) ) 
*а ^
ч
 а
 ч
 п' Ъ
 ч
 п' ' 1 
η η η 
р
° . £ (/• - E (?) + E. (к*) ) 
"Ь *¡ \» а ч η' Ъ ч η' ; » 
η η η 
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τ 11аЪ 
b0 
r0 
lp 
"1 
X 
X 
X 
X 
25 
7.56 
0.14 
-0.03 
0.04 
0.13 
7.37 
-0.02 
50 
6.28 
0.30 
-0.08 
0.10 
0.21 
6.34 
-0.05 
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5.61 
Ο.51 
-O.23 
О.24 
O.30 
5.77 
-O.07 
142 
5.46 
0.70 
-0.46 
О.42 
0.38 
5.66 
-0.04 
210 
5.52 
0.94 
-O.9I 
О.69 
0.47 
5.78 
O.06 
330 
5.89 
1.34 
-2.19 
1.19 
0.65 
6.29 
О.32 
425 
6.26 
1.66 
-3.79 
1.60 
0.83 
6.82 
О.56 
ν / 2 Table IV.1. Contribution of the k"k /m - part of the vector meson 
propagator to the nucleon-nuoleon phase shifts. 
where 
It may happen that the potentials have terms proportional to the. 
differences ρ -E (к ) and/or ρ, -E. (к ) . These terms will not r
a a
 v
 n'
 г
ь Ъ
 ч
 n' 
η η η η 
come out when one calculates the potentials for physical momenta. Y/hen 
one defines the potentials via an off-the-mass-shell extrapolation 
from the Born terms, one will lose potential terms of this kind. 
Equations which are off-the-energy-shell have the same kind of problems·, 
potentials proportional to E(q*. )-E(q*,) will not be seen . 0 
An illustration of an off-the-mass-shell effect is the contribution of 
There is therefore no reason why an effect as meson retardation has 
to be taken into account as has been suggested by Erkelenz [Er 74 ] 
and Holinde [Но 75І· 
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the krk /m - part of the vector meson propagator. In nucleon-nucleon 
ее 
scattering where all masses are identical, the potential V T T is 
proportional to (see eq.(l.l8)) : 
Vil ^ (p°-E3-p°+El) (Ρ5-Ξ 4-Ρ° +Ε 2) 
or 
VII ~ (E 1 +E 2-E 3-E 4)
2
 ~ (E 1-E J)
2 
For physical momenta С.=си and then this potential will give no contri­
bution. But it does have a significant influence on the results, 
especially for the lower partial waves. This is illustrated in table IV.1 
which gives the differences in the nucleon-nucleon phase shifts in 
degrees between calculations with this part of the potential and calcu­
lations excluding this term. 
We note that in field theory the total contribution to the T-matrix 
due to all Feynman diagrams coming from this second part of the vector 
meson propagator should vanish because of current conservation [Ma 49І· 
Therefore one could argue that this term should not have to be taken 
into account, because it should not give any contribution. In the work 
of Bryan and Gersten [Br 72] and of Holinde, Erkelenz and Alzetta [Ho 72] 
this term is not included. But in the case of unequal-mass particles, 
ν- ν / 2 
the contribution of the к к /m - part of the vector meson propagator 
does not vanish. In the general baryon-baryon scattering problem the 
only consistent γ/ay therefore is to include this term. 
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JHAPTER V 
SU(3) AND ISOSPIN SYMMETRY 
1. Transformation properties of the fields 
The interaction Lagrangians vie wrote down in chapter Г are constructed 
such that Lorentz covariance is satisfied. In this chapter, we will 
construct that part of the interaction Lagrangian that governs the 
behaviour of the interactions under transformations in the isospin 
space or the unitary spin space. Because we construct our potentials 
from Feynman diagrams i.e. from field theory, it is useful to see how 
one would construct fields behaving nicely under these transformations. 
CM) 
Let us denote by | the basis states of the standard basis for the 
irreducible representation {м| of SU(j), then their behaviour under 
transformations « e SU(3) is given by 
owi fC'; • Ζ ϊψ ъ few] . (1) 
The complex conjugated state of a state in (ƒ>! belongs to an irreducible 
representation {/- } of SU(3), which, in general, is not equivalent to 
the original one. So we have 
if - ζ iV С 
V 
(2) 
where the matrix if is called the complex conjugation matrix. In the 
octet model and in De Swart's convention [Sw 63] , this matrix is real 
and has the matrix elements 
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where Q,(^) is the charge of the particle with the quantum numbers 
V -(Ι,Ι,,Υ) , given Ъу the Gell-Mann-Nishijima relation 
Q(ï ) - Ij +*r (4) 
(-V stands for -i -(1,-1-,-Y)). 
From this, it is not very hard to derive the matrix equation 
D L-0 - С D Γ M С . (5) 
We will first see how to construct the meson fields. We don't have to 
worry here about the space-spin part of the interactions, so we take 
the pseudoscalar mesons as example. Because the mesons occur in self-
conjugate representations only, we have [u]• l м } . 
i. lp) 
The creation operators for the meson states ξ ' will Ъе denoted by 
a
+(p»V), the annihilation operators are a(p,v). Their behaviour under 
SU(3) transformations follows from the corresponding behaviour of the 
states. We have 
U£*] a+(p,->> ) U t·«]"1 = У a +(p,V) D . С-О 
¿—> ν ν 
(6) 
.1 *. . .._(/*) * 
Ut-0 a (p,V ) UH«] - 1 = Σ a Ь ' ') Dv'v t o < J 
We see that the creation and annihilation operators transform in a 
different way. But we want the fields to behave in a well defined way 
under SU(3) transformations : 
0C«O φ(χ) UL-0 ~X = £ Ф ( х ) Б ' £°° · (7) 
Noting that the operators A (p,"^  ) defined from the annihilation 
operators as 
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(ΜΡ,-0 = Ζ , a ( p . ^ ' ) ¿fVy - (-)Q(V) a (p . - v ) (8) 
transform in the same way as the creation operators, we are lead to 
define the fields in the following way 
<j> (x) = Í dLipsi (-)Q(V) a(p,-v) h(p,x) + a+(p,V) h*(p,x)j . 
(9) 
Here dLips stands for the Lorentz Invariant Phase Space integral and 
the functions h(p,x) form a complete orthonormal set of free particle 
spin-0 states. The total meson field should look like 
ф(ж). Е<->й( ) Ф - М - 1 Ф / Ч (10) 
ν 
and should be hermitian: 
+ 
(χ) - φ(χ) . (η) 
In the case of the baryons, the anti-particles don't belong to the 
SU(5) multiplet of the particles, so here we have two kinds of creation 
operators : creation operators for the particles ; 
|p,e;ty4,v > = b (ρ,β,ν) | 0 > (12) 
and creation operators for the anti-particles : 
|p,s;{y/f
;V > = d
+(p,s,v) |o > . (13) 
The behaviour of these operators under SU(3) is : 
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+ -1 τ - + (/*) 
U[o6] Ъ ( ρ , s , ν ) ü[oCl - > Ъ ( ρ , s , ν ' ) D [o¿] 
UE«-] d ( р , в , ) ϋ | > 1 Α - Z J d T ( p , s , v ' ) D ^ [-0 
(14) 
ν' ν 
Of course, the annihilation operators transform according to the 
complex conjugated representation. 
Again, we want the fields to behave under SU(3) in a well-defined way. 
So, noting that 
d (p,s,v) and Yb(p,s,y') (f 
behave in exactly the same way, we find that when we should define for 
the baryon field 
І*. 00 - У. (dLips ( JlÍM.V'jt, f(p,s,x) 
+ d (p,s,v) g(p,s,x) } 
¿ 2 (dLips Í (-)Q(V) b(p,s,-v) f(p,s,x) 
(15) 
+ d (ρ,β,ν) g(p,s,x) | , 
we should have 
( i*) 
UCO 4 (x) U U ] " 1 = 7 t W D, l>] . (lé) 
v' 
The functions f and g are the space-spin wave functions for the baryons 
and the anti-baryons respectively. 
The conjugated field has the following form : 
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f(χ) = Σ, { dLips ( (-) Q ( V ) Ъ+(р,з,- ) f(p,3,x) 
S 3 l
 _ (17) 
+ d(p,s,v) g(p,s,x) j 
and transforms according to 
'У" ' v'v 
UL-O 'Ψ,(Χ) Π[*] X - У "t,(x) D'i IX J . (18) 
As in the case of the meson fields, we could define total fields 
γΜ·Σ(·)ί(ν4.>)Γ . (i9) 
then 4 
^ ( x ) = Z ( - ) Q ( V ) ^.
v
(«) ξ^ . (20) 
2. Construction of the interaction Lagrangian 
The interaction Lagrangian, describing the coupling of mesons with 
haryons, contains three fields : 
the meson field ф
у
(χ) , transforming according to 
) 
V -v'v 
о м ф ' ^ в д ' ^ Г Й х ) / ^ ] , (ι) 
v' 
а Ъагуоп f ie ld Tp (x) 
ПЕ-0 ^ 0
( κ ) ( χ ) υ M " 1 = V t ( * J ( x ) D [rf] , 
? 
( 2 ) 
and its conjugated one 
U M ^ ( l c )(x) Ut-]" 1 = У 't ^ ( χ ) D * С*] . (5) 
Î τ ; τ ' f f 
Because of the requirement of SU(3) symmetry, we have to construct a 
scalar out of these fields. The best way to do this is to make use of 
Clebsch-Gordan coefficients. However, Clebsch-Gordan coefficients are 
defined only for standard representations and the conjugated Ъагуоп 
field does not transform according to a standard irreducible represen­
tation. But we may construct a field with such a property out of the 
conjugated field. It is easy to see that the field 'y defined as 
4 ( ^ w = Z τ7*:0« £P.P > ω 
transforms according to the irreducible representation {cj of SU(3). 
л 
Let us first couple the fields Τ and 't to a current X , trans­
forming according to the irreducible representation {\} of SU(3) : 
^¿/w = Λ Υ t . (χ) 't (χ) . (5) 
Ч
 £
-
J
 W V ν ; л V, 
Here Y ] is a Clebsch-Gordan coefficient for SU(3), 
( see [Sw 63]). У is a label for the number of times that the irreducible 
representation \u I occurs in the decomposition of the direct product of 
Ju | and {WjJ . The resulting current % has to be coupled with the 
meson field to a scalar : 
The Clebsch-Gordan coefficient occurring here is unequal to zero only 
* *, 
when {λ} = \J* i and v,=- V.. Furthermore, we have [u.\ • lи f for the 
meson fields. So, when 
¿CntW - Σ «, V x ) . w 
У 
we find 
^
int(x) =
 л 
к te* / \ I J* J* 1 
(8) 
Q(^) — ( t ) (VC) . (u) 
(-) ^ ( χ ) І « (»> <|>^ (x) 
This гезиі can Ъе simplified a little, using ([Sw 63J ) 
/* / 1 ) I,+I +І- Y+Y ) 
A
 - (-) 3 H H ^¿r , (9) 
V -v о J Jut 
where N„ is the dimension of the irreducible representation \u] and 
Í 0 for the representation {l} (10) 1 for the representation 8^} 
We know that 
Ij + £ Y - ft(-9 ) 
so the final result is 
V * Y H ^-7 / . . . . * 
^ ( . . . ^ . н л ^ >
 g v /^< /Y \П^Г ¿ _ д r Ι ^ ν 2 -ν, 
(и) 
(-) Х 3 - р .
 і
(х) ^ ( х ) ф ^ (χ) . 
Note that we have restricted ourselves to the coupling of a meson field 
with a baryon field and its conjugated one. The generalization to 
different Ъагуоп fields is easy to make along the same lines. Here we 
don't have to make this generalization. In fact, we are only considering 
the couplings of the Ъагуоп octet i.e. the interaction Lagrangians 
^^(β,β,βίχ) and o<^
nt(8,8,l;x). 
5. Sïï(2) - reduction of the interaction Lagrangian 
In the same way as we did for SU(3) in the preceding sections, we can 
construct an interaction Lagrangian which is a scalar with respect to 
transformations in the isospin space. For the coupling of baryons with 
isospin I, and strangeness Y, with Ъагуопз I2»Y? and mesons I,, Y,, we 
get 
5 m« m„ — m., m,m„m, ± ¿ 3 
™1
+2'Υ1-πΐτ-^Υι (.) * 1 5 ? ^ ( і ^ - ш ^ - Y ^ ^(l 2,m 2,Y 2) ф(1 3,т 3,Т 3) 
In this section we want to consider the reduction of the SU(3)-invariant 
interaction Lagrangian (2.11) to a sum of Lagrangians of the type above. 
Then we obtain relations between the coupling constants g imposed by 
SU(3) symmetry. 
Let us first look at the coupling of the Ъагуоп octet with a meson 
singlet, say the ^,. Then the interaction Lagrangian becomes 
g 
^ i n t ^ 8 · 6 ' 1 ) - ^ Σ X^ t ( x ) Φ ( χ ) > (2) 
or 
¿^(8,8,1) =^int(N;N;^) + ^(Ζ,Ζ,^) 
(3) 
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with the coupling constants 
5
ΝΝη, 
- g 2Σ-4, 6 Λ Λ ^ !«*, it (4) 
The reduction of the interaction Lagrangian &CA +(8,8,8) to a sum of 
Lagrangians of type (l) is most easily done by means of the isoscalar 
factors ( [Sw 63] ) : 
/*1 /2 Ъ 
' 1 v 2 *1Y1 Ч2 
M: 
y 5 
h Ч h 
m. m„ m. 
(5) 
then 
-Лп^
8
'
8
'
8 >--¿ψ ΣΙ 
Y 1 Y 2 Y 5 
8 8 
I1Y1 I2Y2 
Уз 
oTintíWVVW 
(6) 
Here we are dealing with two couplings, denoted Ъу g„ and g ( for 
symmetric and anti-symmetric respectively). We will define two other 
couplings in stead, namely the couplings g and oC via 
24 
gA = J? gcC 
40 
g (об - 1 ) , (7) 
then g is the NNTC coupling constant and Ы. is the so-called F/(F+B) -
*) 
ratio . From equation (6) and the values of the isoscalar factors 
The often mentioned F and Б couplings are given Ъу 
24 
If 
40 
then 
g = - ( F + D ) , o¿= F / ( F + D ) 
we obtain the required relations between the coupling constants. We 
have 
NNIC 
'rr* 
D\ZK 
'ΛΝΚ 
ZNK 
NrJ*l 
к 
2 gcC 
- (2AÍ3) g (et - ι ) 
- ( l / З) g (2ot+l) 
- g ( 2 A - 1 ) 
( і / З) g ( 4 e i - l ) 
' ΛΛη, 
'
 g 2 S 1 
'
 g S S T l 
'
 g 3 S 1 ¡ 
'
 е
* л к 
'
 g
S I K 
(г/Л) g («- i : 
(2//51) g (o¿-l) 
g (20C-1) 
- - (1/VT) g (2«t+l) 
- (1/Я) g (4Λ-1) 
(8) 
The coupling constant at a specified vertex is easily obtained from 
equation (l) and the decomposition of the fields given in section 1 . 
In this way we obtain the coupling constants for the diagrams considered 
here. They are given in tables V.l - V.4. 
r e a c t i o n 
Ρ Ρ—» Ρ Ρ 
ρ η —». ρ η 
d i r e c t diagram 
2 
gNNT[ 
2 
g 
2 
g 
NN Χ. 
2 
- g 
MNIC 
2 
g 
2 
g 
NNX„ 
exchanged diagram 
NNIC 
Table V.l. Coupling constants for the NN interactions. 
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r e a c t i o n 
ι. Λρ — Лр 
2. Л р — Σ*η 
3. 51 η —> Σ η 
4. Лр -» Σ'ν 
5. H*n -* £ β ρ 
6. 21 ρ —- ΣΙ Ρ 
d i r e c t d iagram 
gAAX
e
 gNN%0 
- ^
 g A £ T t « N N 7 t 
в
г ц т г
 ъ
нык 
SZZ*. gMNX. 
g g 
ΛΣΤΓ NNIC 
"/2 g g 
в
СГЧ
 gNNn 
в £ £ х
в
 gNNXo 
exchanged diagram 
2 
g 
ΛΝΚ 
δ
ΛΝΚ
 g
r N K 
О 
gANK g r N K 
V? g \ 
ΣΝΚ 
2 
gENK 
Table V.2. Coupling constants for the reactions in the Л р system. 
In these calculations we assumed SU(3) symmetry. However, as already 
mentioned in section 1.3» there is an SU(3) symmetry breaking effect 
which modifies the coupling constants directly that we want to take 
into account : the mixing of the meson octet and the meson singlet. 
This mixing described by 
| ^ Ν > - cos θ | '>2
Θ
> - sin θ |>21> 
| x
o
> = s i n 0 | 2 8 > + с о з | y i l > f 
implies for the coupling constants similar relations. For example, 
for the pseudoscalar nonet we have the following relations for the 
coupling constants : 
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r e a c t i o n 
1. Λ η —• Λ η 
2. Λη —»· Σ"η 
3 . Σ " η —W ΣΙ η 
4. Λ η —* Σ'ν 
5. Σ! η —> Σ, Ρ 
6. £ ρ —» Σ ρ 
d i r e c t diagram 
gAAX„ gNNX. 
— g g 
g
rs*i givJN>i 
g
nrx„
 ε
ΝΝΚ„ 
^ SA T.„ g 
/UT g g 
£Σΐΐ ΝΝΤΓ 
g
m i g N N u 
g S 2 n g M M
n 
g C 2 X . gNN/Xtt 
exchanged diagram 
2 
g 
gAMK S ZNK 
2 
g 
"
 gAMK g £NK 
JT g 2 
ENK 
0 
ТаЪІе V.3· Coupling constants for the reactions in the 21 Ρ system. 
r e a c t i o n 
ΣΓ Ρ — Σ . Ρ 
d i r e c t diagram 
eELu gNNn 
eZL\ g N N n 
g E £ X . gNNX0 
exchanged diagram 
2 g 2 ENK. 
ТаЪІе V.4. Coupling constants for ΣΙ ρ -*ZL p. 
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e
mn'
 c o s е
шп
в
 '
 s i n θ g N N ^
x 
g N N X
o
= 8 i n θ
 %Νη_ 8
 + o o s θ
 % N r l l 
(9) 
ind similar ones for the sets { g £ »gj,j.^} and }ё д ,g A A X } . 
4. SU(2) symmetry for the potentials 
Por a detailed calculation of the Лр and £~p interactions, we have 
to consider the ргоЪІет of three coupled channels. But solving three-
channel problems is much more time consuming and gives less accurate 
results with the same number of gridpoints than solving two-channel 
problems. Therefore we decided to use complete SU(2) symmetry for 
our model. As a price to be paid for such a simplification, we have to 
drop some experimental data in which the influence of the isospin 
symmetry breaking effects is too large. 
On the other hand, the experimental data are data with respect to the 
physical particles, so we have to make the transition from the basis 
of SU(2) eigenstates to the particle basis. The relation of the matrix 
elements of an operator G with respect to these two bases is given 
by the Wigner-Eckart theorem : 
< I 5.
m
3il 4»
m4 | б | I 1,m 1;I 2,m 2> 
(1) 
- L'Irli °m35m
4
4m < h 4 ^ Il h h > ' 
Vi tb this definition of the reduced matrix element, we have 
Ι ι * II 5/2„
 v
 3/2 
< Σ*v\cr\ Σ Ρ >·- O N f O f Συ > »- <7 £ . (2) 
For the other matrix elements we have 
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Η, 
1 ^5/2
 2 1/2 
3/2 
ΕΣ 
- / f a 
Λ£ 
1 « 5/2 1/2 
1/2 ρ 3/2 . 1/2 
ΣΣ
 3
 ΣΣ
 3
 2Л 
with respect to the particle states ІДр/*» | 21 n У a n ! * 2Z Ρ /^ 
respectively, and 
-я<?« 
1 ^ 5 / 2 2 ^ 1 / 2 
3^ΣΣ + 3%Σ 
3 ^ Л Ц 
ι « 5/2 1/2 
И < ^ f 1/2 , 3/2 . 1/2 
with respect to the states | Λη~>, ΣΖ~Ρ ^ and ¿2 n ^ . 
3/2 
We will solve the equations by using the potentials V _ (1=3/2) 
for the one channel case and the potential matrix 
лл 
ГЛ 
1/2 
for the two-channel case. The coupling constants for these potentials 
are given in table V.5. The calculations result in T-matrix elements 
with respect to the isospin eigenstates. With the help of the relations 
above we can calculate the T-matrix elements with respect to the particle 
states. 
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p o t e n t i a l 
V 
лл 
1/2 
3/2 
d i r e c t diagram 
δ
ΛΛ^
 δ
ΝΝη_ 
δ
ΛΛΧ„
 gNNXo 
" ^
 в
ЛГЯ W 
"
 2 g £ Z r t gl\INrt 
δ
ΕΣ>ί. gNN»l. 
g E S X . gNMX„ 
ΣΣη.
 SIMM^ 
exchanged diagram 
2 
δ
ΛΜΚ 
" *
3 β
ΛΝΚ
 g 2 N K 
2 
- g 
Σ.ΝΚ 
ΓΝΚ 
ТаЪІе .5· Coupling constants for the YN potentials. 
CHAPTER VI 
SOLVING THE EQUATIONS 
1. Transition to an R - matrix equation 
The BSLT - equation for the partial wave T-matrix is 
^ ( ^ » й і » ^ ) - Vfi(qf,qi}^e) 
(1) 
+
 2 Z U k k2 V^
n
(df,k;fi) Gn(k;/s) ^ (k.^fiî) , 
η J 
о 
where the labels i,n,f represent the channels and the helicity states 
or LS states. This equation is a complex integral equation for a 
complex T-matrix, even for real momenta. We will try to simplify this 
equation once more by replacing the single equation 
Τ = V + V G Τ (2) 
by a set of two equations 
Τ = R + R g Τ (3) 
and 
R = V + V ( G - g ) R , (4) 
in which we want to have g such that the equation for the R-matrlx 
becomes a real one for real potentials. This can be achieved by 
choosing 
ρ 
G - g s G r 
to be real. So we take 
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<£(k„/ï) - i—^ SP (5) 
4 (2Tt)?Ea (к) Е
ъ
 (к) Л - Е
а
 (к) - Е
ъ
 (к) 
'*n "и "η "η 
where the ^  indicates that in integrating, the principal value integral 
should Ъе taken with respect to the pole in the Green function. Then 
for real momenta, the equation for the R-matrix is a real one : 
Rfi(lf lij.»fa) • v£. (α^,α^j/s) 
(6) 
2 2 idk k 2 vj
n
(qf,k5/i) G*(k5/s) H¿i(k,q1»/e) . 
да 
η 
Because 
π: i S(VB - Е
а
 (к) - Eb (к) ) 
G
n
(k;/i) - G*(k;/s) - = 2 2 , (7) 
4 (2TC)3 E (к) Е
ъ
 (к) 
η η 
relation (j) Ъetween the T-matrix and the R-matrix becomes a kind of 
Heitler equation : 
Tfi^f , qi 5 V l) " Rfi^f»4i»^·) 
(8) 
Г TI к2 g(^-E
a
 (к)-Е
ъ
 (к)) 
• ì 7 Uk HJ (q ,k;/i) = S 2 Т^ (k,q ;Ге) . 
η 3 f n f 4 (2ГС)5 E (k) E. (к) П І i 
ο η η 
Due to the δ-function, we have in this equation only contributions 
from intermediate states which are on-the-energy-shell, that is, whose 
momenta q satisfy 
η 
\
η
(α;
η
)
 +
 Ebn($n) = a . (9) 
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We are considering a system of coupled channels. The BSLT - equation 
and the potentials are derived for a total energy such that all channels 
are open. In the intermediate states, we are integrating over the 
momenta from 0 to oo. Therefore we have to consider the equations for 
momenta which are off-the-energy-shell. But all momenta are real and 
positive. 
When we want to know some T-matrix elements also for energies below 
some or all thresholds, then we need to make an analytic continuation 
of the equations. We assume therefore that the equations (6) and (θ) 
and the expressions for the potentials are valid too when some or all 
channels are closed and /s is real and not too small. The equation 
for the R-matrix is then, in general, not real anymore because the 
potentials might become complex. 
Due to the &-function, we have in equation (θ) only contributions 
from the open channels i.e. the channels η for which 
m + m, <* Vs . 
η η 
When we introduce a diagonal matrix Ρ with matrix elements 
A 
? = 1 θ (^ - m - m, ) δ 
J n m
 32Tl 2^ an V Ш 
then the solution of equation (θ) for the on-shell T- and R-matrices 
can be written as 
T J = ( 1 + i RJ f ) RJ . (12) 
2. Experimental quantities 
In order to see clearly the connection with more common operators, it 
is convenient to introduce T'-and R'-matrices by 
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(10) 
(11) 
T.J = - /y T J v/f , 
(1) 
R'J = - \ff R J /f . 
These matrices have non-zero matrix elements between the open channels 
only and are related by 
T'J - ( 1 - R<J) R'J , (2) 
When we are dealing with one channel, the results are mostly displayed 
in terms of phase shifts. For a single JLS state, we have 
Т-Ід- e '
 L S
s i n ^
s
 , (3) 
or 
R'£3 = t a n S £ s . (4) 
After solving the equations, the phase shifts ( modulo 2Π. ) are 
obtained from 
&£g = arctan ( R«Jg) . (5) 
When two JLS states are coupled with each other, one uses a parametri-
zation in terms of two phase shifts and a mixing parameter. There are 
two different schemes. 
(i) Blatt - Biedenharn phase shifts Гві 52] 
Because the R'-matrix is real and symmetric, it may be diagonalized 
by an orthogonal transformation : 
,
u
 „ι p . . . . ρ о W.... .... 
R',„ R'_ ƒ \ -sine cos ί \ 0 tan è / \ sin ε cos ε 
Then the scattering amplitude can Ъе represented by the two eigenphases 
8, and 8 2 and the mixing parameter £. We calculate these numbers 
from the inverse relations : 
£ • jt arc tan 
/ 2 R b 
l Ц2 -
 R
' 11 
δ
ι -
 агс ап
 [* Rìi <1+ .sAtf + * Ч2 ^ öa-R)] · <б> 
ù 2 * arc tan [i 4 l (1- ^ ¿-g-) + * R.2 (1+ ^ ¿-gçjj 
(ii) Nuclear har phase shifts 
Nowadays the nuclear bar phase shifts introduced Ъу Stapp, Ypsilahtis 
and Metropolis [St 57І are commonly used in nucleon-nucleon scattering. 
Then one writes for the S-matrix : 
I Sll S12 
\ S21 S22 
The relation of the nuclear bar phase shifts with the Blatt-Biedenharn 
parameters is given by 
& 1 + δ 2
=
δ 1 + & 
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sin ( S
x
 - ΰ2) = tan 2ε / tan 2 ε , (8) 
sin ( 8 ^ - δ 2 ) "
 s i n
 2C"/ sin 2ε 
The experimental knowledge of YN scattering is too small to allow for 
a phase shift analysis. In this case we calculate cross sections : 
^fi - Щ Σ (2J+1) * £ I чі 12 · <*> 
^i J spins 
The scattering length and effective range, defined Ъу 
-1 1 . 
q К -- — + i r o / , (10) 
are obtained Ъу extrapolating the calculated K-matrix elements at two 
energies ( T. . = 0.1 MeV and 0.2 М ) to threshold. When 
A± = - Κ(α 1)Α 1 , A 2 = - K(q2)/q2 , (il) 
then the Іо-л energy parameters are given by 
2 2 
Al A2 (q2 " ql^ A2 " Al 
~~2 2 ' r = 2 - - — · (12) 
4 2 A 2 - <1]_ A 1 Α χ A 2 (q2 - q^) 
The low energy parameters for the S, wave are calculated by extra-
3 1 
polating only the S, K-matrix elements. 
5. Continuation below the thresholds 
We mentioned already our assumption that the equations for the R- and 
T-matrix and their relation and the expressions for the potentials are 
valid when some or all channels are closed. When all channels are open, 
the R'-matrix is identical to the K-matrix, when some channels are 
closed then the non-zero part of the R1-matrix is equal to the reduced 
K-matrix (see [Da 6l], [Da 62] or [Sw 62] for a definition of the 
reduced K-matrix ). 
When we want to know the T-matrix elements when some or all channels 
are closed, then we have to solve a complex equation. But when we are 
interested in the open channels only e.g. in cross sections, then we 
may restrict ourselves to a real equation. Let us consider the case 
of two coupled channels, channel 2 being closed. We are interested in 
T,, only, so because of 
-1 
Τ 
u
 - ( 1 +·'%!?! ) R
n
 , U) 
we have to calculate R,.. only. R..
 Ί
 satisfies the equation 
Rll($l»$l) - V 1 1 ( V V + j dk T
n
(qlfk) k
2
 G*(k;/s) R
n
(k,q1) 
(2) 
+ f dk V12(q\,k) k
2
 G^(k;is) R^Ck.q^)
 f 
but the integrals occurring here can be performed only after we have 
solved the two coupled integral equations : 
R
n
(k,q 1) = V11(k,q1) + J dp V11(k,p) p
2
 G^(p;JìT) R ^ p , ^ ) 
о 
(3) 
+ J dp V12(k,p) p
2
 G^(pîJT) Η21(ρ,4\) f 
о 
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R21(k,q\) = V 2 1(k,q 1) + Γ dp V21(k,p) ρ
2
 SJ(PI/B") H
n
(p f$ 1) 
o 
f dp V22(k,p) p
2
 G^(p¡/s) H21(p,q1) . + 
o 
All momenta occurring here are real and positive ( q„ does not appear ), 
so the equations are real. We don't have to worry about the complex 
potentials in channel 2. In this way the ΛΝ cross sections in the 
ΛΝ,UN coupled channel system below the XlN threshold are calculated. 
If we want to know some T-matrlx elements for channels which are closed 
then we have to consider a complex equation, because the potentials 
will become complex for complex momenta. We restrict ourselves to the 
first Riemann sheet, so when a channel is closed, then the centre of 
mass momentum q of this channel is purely imaginary with a positive 
imaginary part : 
î-i|«| . · (4) 
We assume that |q| is smaller than the baryon masses, then the energies 
Ej(q^) occurring in the expressions are real and positive. We define 
the potentials for closed channels by considering the expressions for 
the potentials given in chapter Г as complex equations for complex 
momenta. We note that there are three kinds of potentials entering the 
calculations : potentials V„.(p,k) where both sides are off-the-mass-
shell, potentials ..($-,к) where only one side is off-the-mass-shell 
and the on-shell potentials V_.(q„,q.) (the Born terms ). Potentials 
of the first kind are real, the other ones may be complex. 
We have to be careful a little bit with the Legendre functions of the 
second kind. In the case of the open channels and for the potentials 
V(p,k) the argument χ of these Q. -functions is always real and larger 
than 1. This is not so for closed channels. Let us consider NN scattering 
below the nucleon-nucleon threshold as example. The argument χ appearing 
in the off-shell potentials V(p,k) is given by 
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ÜL 
4M) -1 +1 V(p,k) 
v(4\k) 
Fig. VI.l. Region of values of the argument χ of the Legendre 
functions of the second kind for complex potentials. 
2 , 2 ^ 2 
ρ + к +/л 
2 ρ к 
(5) 
Because χ is real and larger than 1, Q»(x) is real. For the potentials 
V(q,k) the argument becomes purely imaginary : 
л|2 
•h 
2 | α > (6) 
and we have to know the Qp -function for an imaginary argument, (see 
chapter VII section 3 ). The region of the complex plane which is 
covered by these values of χ is depicted in fig.VI.1. For the third 
type of potentials the argument χ will be real : 
2 
x
 • 1 - ^ 2 (7) 
2 Ut 
For small I q I we have x<-l and Q. (x) will be real. But as soon as 
111 >•§•ƒ*• the argument χ enters the cut of the Q« -function and the 
result will be complex. When χ has a small negative imaginary part , 
then we can use the equality 
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k2[MeV2/c2] 
-10000 -9000 -8000 -7000 -6000 -5000 -¿.000 -3000 -2000 -1000 1000 
τ 1 1 1 г 
Imi 
Re Τ 
τ 1 Γ 
S g nucleón-nucleón Τ-matrix elements 
Fig.VI,2. Real and imaginary part of the S» nucleon-nucleon 
T-matrix around threshold. 
О 
Im Q (x-lC ) £ π Р^ (χ) (8) 
In fig.VI.2 we have shown the results of the oalculatipn of the S. 
nucleon-nucleon interaction with the complex equations. We see that 
the T-matrix becomes real below the NN threshold. This is in accordance 
with the unitarity equation which demands that the imaginary part of 
the T-matrix vanishes when there are no physical intermediate states. 
At |q| > 69 MeV/c the T-matrix gets an imaginary part again but this 
is due to the imaginary part of the Born term because of the partial 
wave cut. The Born term V(q,q) for tt-exchange in the SQ state is 
V T (q,q) 4TC g Nrtit 2q2 2<1 
(9) 
so for I ql > 69 MeV/c , q = i I q I , we get 
.2 2 2 / . л.2 lm 7
ГС
 (5,5) =- TT¿ g ^ ш% /Ι 5 Г · (10) 
Аз long as Iq | <f 280 MeV/c (where the 11 starts contributing), the 
К -exchange only is contributing to the imaginary part of the Born 
terms. Indeed it turns out that 
Im Τ - Im ^ (q,q) (il) 
there. Thus the iterations of the integral equations don't develop 
an imaginary part. 
4. The method of solution 
We are dealing with an integral equation of the form 
Rfi(af»a±) - vfi(5f,qi) 
CO 
Ц \ d k V f n ( V k ) k¿ Gn ( k s / i ) Нп1 ( к·^) ' 
(1) 
+ 
η 
where q. and q, are on-shell momenta, that is satisfy 
and where the Green function is given Ъу 
Gn (k î / i ) • Т-^з ^ TT У' 4(2Tt)3 E
a
 (к) Е
ъ
 (к) ÍB- E (к) - E (к) 
η η η η 
(3) 
In order to Ъе able to perform the integral, we need to know the 
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the R-matrix elements for momenta in which the left hand side is off-
the-mass-shell. So we have to solve the following integral equation 
first s 
RfiCp,^) - Vfi(p,q.) + У f dk Vfn(p,k) k
2
 G^(k,/s) R
ai(k,q1) . 
η 3 (4) 
о 
The integrand contains a singularity because of the pole in the 
Green function, which is located at k«q . This singularity cannot 
he removed in the usual way hecause the residue of the integrand is 
unknown. But we are able to use a generalization of the method of 
Kowalski [Ко 65] and Noyes [No 65] owing to the fact that the on-shell 
potentials V f 1(q f,q i) form a regular matrix V . 
Let us multiply equation (l) from the left with 
Σ V (p,qj V _ 
and sum over f. Then we subtract the resulting equation from the 
integral equation (4) for R .. We obtain 
R
mi(^i) - Σ1 V- (^n) С Rf A¿i> 
n,f
 (5) 
00 
+ 
2 „Ρ 
χ к" G[(k|/Í) Ríi(k,Si) 
Now the singularity in the Green's function at k=q is cancelled by 
a zero of the term between braces. 
However, now equation (5) cannot be solved directly because the 
inhomogeneous term is unknown. But this can be solved by defining a 
set of functions f..(p;/s") via the matrix equation 
Hijíp.ty - Σ f i n ( p î ^ 4 j M i ) · ( б ) 
Then the integral equation (5) for the R-matrix which elements on the 
mass shell are not known, can he replaced Ъу an integral equation for 
the funotions f, whioh are known on the mass shell : 
f±A^) - Sln . (7) 
I n s e r t i n g equation (6) into the equation for the R-matrix r e s u l t s in 
-1 
Vp^)-£vin(p,$n)vn;j 
η 
во 
+
 Σ ) dk {Vií^ k> - К Vin^
n^
) *ш \А^} 
χ к
2
 G*(k;Js) f < á ( k ; J s ) 
This is a regular integral equation which can be solved by means of 
a computer, for example by employing the method of matrix inversion 
(see chapter VII). 
Once the functions f are calculated, the on-shell R-matrix can be 
obtained via equations (l) and (6)
 ? 
Rfi^f'<li) - vfi(îffSi) 
(9) 
+
 Σ (И \ dk WVk> k2 *l^™ fnm(k'rs) } W i ) • 
m ί η „ 
This is a matrix equation for the on-shell R-matrix 
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л л л 
R = V + A R (Ю) 
0 Г
 -1 
R - ( 1 - А ) V . (11) 
The only problem is to calculate the matrix A whose elements are 
oo 
Ы 
Σ1 ( d k V i n ( V k ) k* G n ( k ? ; i ) f n j ( k , v r i ) ' (12) 
η 
Several methods exist of calculating principal value integrals with a 
singularity, we will employ the method of removing the singularity 
by subtracting an integral with the same singularity and residue but 
with the value zero : 
const. 
r
 dk {J? - 0 . (13) 
(k-q)(k+q) 
The residue of the Green function is i/(l6tt /i" ) , so we get 
OO 
hi - ( dk Ζ { Vin^i'k) k2 Gn(k'^) fn^ k' r s) 
η *· 
q 2 1 1 
We note that the integral (13) is not zero when the channel is closed. 
So we restrict the second term of equation (14) to the open channels. 
For closed channels the singularity in the Green function is never 
met, so we don't have a pole in the integrand in the integration 
region. 
5. Behaviour of the potentials 
Before we can say something about the solubility of the equations, we 
have to know how the potentials look like. We are interested especially 
in the behaviour of the potentials for small and for very large momenta. 
Because we are working with the partial wave projected form of the poten-
tials, we first want to know the behaviour of the Legendre functions of 
the second kind. For large values of their argument, we find [Er 53] 
-•e-i /¡τ Π-e+i) 
Q (χ) г» χ л -. — for x-*co , (l) 
* 2 fU+3/2) 
and in the neighbourhood of 1 we use the approximation 
xl Г'(Ы) 
Q.(x)w - i b ( V ) - Г - — for χ « 1 (2) 
where Y is Euler's constant. 
Let us first look at the partial wave Yukawa potentials, corresponding 
to the exchange of a meson with rest mass *¿ . Then we have 
ve(p,k) - - -2- α (χ) (5) 
pk " 
for the 4- partial wave, with 
2 2 2 
ρ + к + /ι 
χ = 
2 ρ к 
For small momenta, χ behaves as 
χ « yU- /(2pk) for p,k «f- , 
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Ч| [M e V/c] 
4¡ [MeV/c] 
Fig.VI.J. Chart of the S wave Yukawa potential 
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so 
V ?(p,k) ъ р £ к* . (4) 
Por S waves, the potential is a constant for small momenta 
V°(p,k) » 2U/jx2 for p,k««/* , (5) 
whereas for higher partial waves the potential goes to zero when the 
momenta are approaching zero. When only one of the momenta, say p, is 
small we have the behaviour 
S Ρ 
V^(p,k) -^ ? for ν « H- . (6) 
When we look at the iterations of the integral equation, we find that 
the T-matrix has the following behaviour near threshold 
T^Uf»^) ~ If 4 ± for small 1fti± · (7) 
In figures VI.3 and VI.4 a chart of the Yukawa potential is shown for 
-t=0 and i =1 respectively. For the higher partial waves, the potentials 
have roughly the same shape as the Ρ wave potential. Note that the most 
important contributions come from a region along the diagonal in the 
p-k plane, indicating a suppression of large momentum transfer effects 
(i.e. for large values of the momentum of the exchanged meson). 
Furthermore we see that the potentials go to zero for large momenta. 
Along the diagonal we have 
ρ ρ 
χ = 1 + fx. /(2p ) , 
so for large momenta we get from (2) 
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Ч, [M e V/c] 
-1 -
10 4 
q¡ [Ме /с] 
Fig.VI.4. Chart of the Ρ wave Yukawa potential. 
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q f [MeV/c] 
IO4 IO5 
Q¡ [Ме /с] 
Flg.VI.5. Chart of the S. nucleon-nucleon potential. 
2 
• *(P,P)- - ^ ln( s) + &(1/V2) . (8) 
2 ρ 4 Ρ 
When for large values of the total energy \Ts the Born approximation 
becomes better, then the phase shift δ approaches 
о w - arctan V(p,p) for ρ —»oo 
and we expect 
•*• 0 
\Ts -»oo 
Of course, the nucleon-nucleon potentials are much more complicated, 
but still they have roughly the same form, except for the region of 
asymptotic values of the momenta along the diagonal. This can be seen 
from figs. VI,5 - VI.7, where we have shown some nucleon-nucleon 
potentials. 
When one wants to look at the behaviour of the baryon-baryon potentials 
for small and for very large momenta, it is useful to introduce functions 
H.(p), defined as 
Η±(ρ) = Ρ / W.(p) . (9) 
These functions have the behaviour 
НЛр) ~ Ρ for small ρ (IO) 
я* 1 for large ρ 
For example, the pseudoscalar meson exchange potentials have the form 
2 Γ2 λ,Η (p)-2 λ Η (к)] Гг λ,Η (p)-2 λ H (k)1 
VJ(p,k) - T T g 2 ^ Ъ \ 1 1 J L 4 4 2 2 J
 A J ( x ) 
\/H1(k)H2(k)H3(p)H4(P)' 
(11) 
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О 
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•UQ 
-60 
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ПН 
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1 | J L H C » j 
-
ι ι ι 
— / 
q f « q ¡ 
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ι 
104 105 
q¡ [MeV/c] 
Fig.VI.6. Chart of the ^S. nueleon-nucleon potential. 
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where Α.(χ) is an expression in terms of χ and the Legendre functions 
of the second kind. From an examination of these expressions we learn 
that 
J " J A (x) «""w χ for large χ and J^l , 
-1 
A (x) '>_< χ for large χ , (12) 
AJ(x) — In (x-1) for x«l 
Careful investigation of the potentials show that all potentials are 
regular for small and mediate momenta. We have troubles only when the 
momenta take asymptotic values along the diagonal (see figs.VI.5-7)· 
In the case of the exchange of pseudoscalar or scalar mesons, the 
potentials behave as 
V(p,p) ~ In (,u-2/4p2) for p-*oo . 
We have the same picture for the vector meson exchange potentials in 
f v / 2 the case of direct coupling. But the k'k /m - part of the vector 
meson propagator and the derivative coupling of the vector mesons 
2 introduces an extra ρ factor in the potential : 
ρ ρ ρ 
V(p,p) ~ ρ 1η {^ /4ρ ) for ρ-»οο 
Outside the diagonal, the first type of potentials are behaving regular 
-1 
V(p,k) —· ρ for fixed к and p-»oo , 
but the second term in the vector meson propagator and the derivative 
coupling in the vector meson exchange potentials give a behaviour 
V(p.k) ~^ ρ for fixed к and p-»oo 
4f [Ме /с] 
q f=100 Ме /с 
-20 - q f =100 Ме /с 
10 10' 10J 10* 10 ь 
Q¡ [M e V/c] 
Fig.VI.7. Chart of the P_ nucleon-nucleon potential. 
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6. The Fredholm condition 
We have to solve a Fredholm equation of the second kind, that is an 
equation of the form 
f (p) = f(p) + U k K(p,k) <f(k) . (1) 
From the theory on integral equations (see f.i. the textbooks by 
Mikhlin [Mi 57] , Tricomi [Тг 57] or Smithies [Sm 5θ] ) we learn that 
in order to be guaranteed that this equation has a unique solution 
(apart from some discrete singularities ) , 
1) the inhomogeneous functions should be square integrable and 
*) 
2) the kernel К should satisfy the Fredholm condition ' 
í Í dp dk | K(p,k) | 2 < oo . (2) 
Let us look at the Yukawa potentials first. Because the potentials are 
regular and behave as 
fl - 1 - 2 
V (p,k) ~ ρ for ρ — «ο , (3) 
the first requirement which amounts to 
oo for fixed к , (4) dp |/(p,k)| < 
is easily satisfied. The Fredholm condition needs more investigations, 
Restricting ourselves to the case of one channel, we should have 
0 
' The reverse does not hold. There exist integral equations which 
kernels don't fulfil the Fredholm condition but which have unique 
solutions. 
dp dk V(p,k) -
V(P.S) V(q>k) 
v(Ç,S) 
k¿ G(k^) < CO 
(5) 
The integrand is regular everywhere due to our construction. Therefore 
we don't have troubles with the integral over a finite region and we 
have to check only the convergence for large momenta. There we might 
use Schwarz' principle to separate the two terms in the integrand. 
Because the Green function behaves as 
k¿ G(kial) 7- for k· 
к 
(6) 
the second term of the integrand does not give troubles, provided we 
have for the potentials 
V(p,k) <C — for p-»oo , к fixed ; 
*>Э ρ 
V(p»k) ^  const, for k-*oo , ρ fixed . 
(7) 
When ρ or к is fixed, the condition (5) is ensured by the requirements 
(7) also for the first term. But we could expect troubles when ρ and 
к both are becoming large. So we are left with the requirement 
dp ι dk 
Ry Г 
along diagonal 
K(p,k) < σο 
Changing variables 
t cos θ t sin θ (8) 
we have 
138 
co 
dt 
Е.-Ы 
E 
de t K(t oos θ, t sin θ) < CO (9) 
For Yukawa potentials we get 
oo 1 л 
dt de t 
Q. ( 
2 2 
t + >*• 
2t sin θ cos θ 
3 2 t sin θ cos θ 
(10) 
In this integration region we have sin θ>-§- and cos >% , so 
introducing 
θ = j + І λ , S - 2oC - £TC , (11) 
we find 
S ¿ const. \ dt 
or 
S < const. 1 dt —г 
t 5 
άλ 
L2 .2/^2 
¿λ 
Q ( t + /л Д COS λ ) 
ft^ (l/cos> ) (12) 
-8 
The factor l/t ensures convergence except may Ъе where the integrand 
diverges. But from expansion (5.2), we find 
-S 
which is finite. 
Q^ (l/cosX) const. + dX 1η(-§·λ ) 
- S 
Let us see how the situation is in the case of the one-boson-exchange 
potentials for the nucleon-nucleon system,. As we have seen in section 5 
the pseudoscalar and scalar meson exchange potentials are convergent 
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enough to satisfy requirement (4)» but the vector meson exchange poten­
tials will give troubles. Therefore we introduce a cut-off function 
о 
or formfactor F(q ,д) to make the potentials square integrable. So 
we make the replacement 
V(p,k) > v(p,k) F(p,k,A) (14) 
requiring 
F(p,k,A) ~ ρ for p-»co . (5) 
The Fredholm condition gives difficulties even for the pseudoscalar 
and scalar potentials. In this case equation (9) becomes 
dt t \ dB 
ft 
4 • 2 t 2 
t 
; + 
s i n 
s i n 
/* 
θ 
θ 
cos θ 
) 
oí 
ö I d t ^ dX Qg (l/oos λ ) dt t 
(16) 
* -ί Я 
thus diverging logaritmically. For these potentials a cut-off function 
F(q,A) ~ 1/q (17) 
is enough, but for the vector meson exchange potentials we need a 
formfactor behaving as 
F(q,A) ~ 1/q3 . (18) 
So a formfactor 
F ( q 2 , A ) = Л 2 / ( Л 2 + q 2 ) (19) 
as has been used by Bryan and Gersten [Br 72J is not enough to make the 
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equations of Fredholm type. In this work we use a quadratic version: 
F(q2,A) - I
 2
Д 2
 2 
Λ M 
Note that in non-relativistic scattering the convergence is worse, 
because the Green function of the Lippmann-Schwinger equation is less 
convergent than ours : 
2 LS 
к G (кі/э) r^j const, for k-»oo . 
7. The influence of the formfactor 
We have seen that we needed a cut-off function in order to make our 
equations of Fredholm type. Mostly these cut-off functions are made 
functions of the fourmomenta of the mesons exchanged, interpreting 
them as formfactors. 
Models with field-theoretic potentials which solve the scattering 
equations in the coordinate representation, mostly employ a hard or 
soft core to make their equations soluble. So they reduce the attraction 
of their potentials by adding a short range repulsive potential. The 
use of formfactors gives a different result. We have tried to visualize 
their effect a little bit in fig.VI.8. There the potentials in the 
coordinate representation are shown corresponding with a Yukawa potential, 
a Yukawa with a linear formfactor and a Yukawa with a quadratic form-
factor i.e. 
2 / '2 
ι ι Λ ι Ι Л 
and 
2 
k2+m2 k2+m2 Л 2+к 2 k2+m2 \ д'2+к2 / 
respectively. As we "see, the formfactor changes the potentials strongly 
at small distances, but it has some influence at larger distances too. 
We know that a hard core has a very large influence on the S wave 
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Fig.VI.θ. Effect of a formfaotor on the Yukawa potential, 
parameters, but the dependence of the more peripheral waves on the 
hard cores falls off rapidly for increasing total angular momentum. 
We have the same picture for our formfactor modification. 
At the energies we are considering, the most important contribution to 
the scattering in the higher partial waves comes from the tail of the 
potentials i.e. the values of the potentials for large r. This corres­
ponds to the region of small к for potentials in the momentum represen­
tation. So the most important part of the potential is for small momenta. 
Comparing meson exchange potentials with each other is hest done by 
comparing their small к - expansions : 
ε 
s 
ι
 2
^
 2 
к +m 
( 1 ) 
Despite the fact that the formfactors are introduced to improve the 
behaviour of the potentials for large k, the most important contribution 
of the formfaotors is coming from their values at small k. 
We have tested this statement Ъу making a fit to the nucleon-nucleon 
phase shifts (without fitting the low-energy parameters) for three 
types of formfaotorsι 
(i) a monopole ; 
Мк
2
,Л?) Al 
Л
2
 +
 к
2 
(ii) a dipole 
/ Л 2 
2 .2л / / N 2 Р , ( І С % Л О ) { Л 2 + к2 
( i i i ) an exponential formfactor ; 
F3(k2,A|) = ехр[-к2/Лз ] 
The fits started from our results presented in chapter VIII, adapting 
only the formfactor masses Л^. The result is given in table VI.1. It 
is quite astonishing that the models do match so very well as seen 
2 
from the % per datapoint. Note that due to the very delicate 
Monopole Dipole Exponent 
X 2 / d 3.50 3.69 4.69 
A , 2 7 | [ме /с 2] 779.20 1214.01 914.30 
Í10*I 1080.13 1555.40 1205.32 
Table VI.1. Results of the fit of the formfactor masses to 
the nucleon-nucleon phase shifts. 
ч 
ч 
ч 
ч 
ч 
ч 
1 
ч 
ч 
Т., , = 25 М lab 
M 
49.48 
8.59 
-6.40 
-5.34 
83.72 
-2.91 
1.25 
0.72 
-0.44 
D 
49.96 
8.67 
-6.42 
-5.39 
80.38 
-2.97 
1.73 
0.72 
-0.44 
E 
52.27 
8.80 
-6.35 
-5.38 
87.09 
-2.04 
1.29 
0.71 
-0.44 
Τ, , = 330 MeV lab 
M 
-12.72 
-18.74 
-22.37 
-26.98 
-1.18 
-23.11 
4.97 
7.55 
-4.65 
D 
-14.83 
-19.41 
-22.44 
-27.74 
-4.66 
-23.20 
5.91 
8.55 
-4.66 
E 
-17.26 
-20.10 
-21.29 
-27.89 
-3.41 
-22.84 
6.02 
9.69 
-4.56 
Table VI.2. Some nuclear bar phase shifts (in degrees) resulting 
from the fits for the formfactor masses in the oase of 
a monopole (M), a dipole (D) and an exponential 
formfactor (E). 
balance of the strong forces in the nucleon-nucleon interactions, a 
2 
very small change in the potentials may give a sharp rise of the % 
per datapoint.( Dropping the second term of the vector meson propagator 
2 
for example gives a change of the X per datapoint to about 17·) 
2 
When the behaviour for low к should be the only important part of the 
formfactors, the results should match when 
Л
г
 - Л3 - (1/./I) Л2 , 
i.e. from the dipole form factors we should expect the following values 
for the other formfactor masses : 
Α
 ί 2 , - 858.44 MeV/c
2
 , A| 1 0*j - 1099.84 MeV/c2 . 
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We find that this is satisfied approximately. The values of the form-
factor masses for the monopole are somewhat lower because the phases at 
the higher energies were not low enough. In the case of the exponential 
formfactor there was too much damping so Λ had to become somewhat 
larger to rise the phase shifts at higher energies. This can he read 
off from table VI,2, where we have shown some resulting phase shifts. 
Note that the Fredholm condition is not satisfied for the monopole. The 
results obtained with this formfactor show that the Fredholm condition 
is not a necessary one. But in case of no formfactor the equations 
are not soluble. The results are highly unstable then. 
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CHAPTER VII 
NUMERICAL TECHNIQUES 
1, The integration scheme 
Because we have to solve our equations Ъу means of a computer, we will 
approximate the integrals Ъу sums. It turns out to Ъе very worthwile 
to save computer time in reducing the number of terms as much as 
possible. 
Because most integration schemes work on a finite interval, we will map 
our integration region (0,oo) onto a finite one : (-l,+l), thus making 
the replacement 
f dk f (к) =>· (dx g(x) . (1) 
О -1 
The assumption that the resulting integrand can be approximated very 
well with a polynomial leads to an integration scheme known as Gauss' 
quadrature [Ab 65]: 
N + 1 
ídx g(x) - 22 °° l e(*ì> + HN 
i=l 
where (2) 
2N+1 4
 f 2 N Ì 
R N - K ' 3 s ( O , -1<C<+1 . 
(2N+1) ( 2 N ! ) 
N The integration points χ. are the zero's of the Legendre polynomials 
of degree N 
У*·) • о , (з) 
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and the weights are given by 
co! i
 Ί
 / Nv2 ці*1)] ' ω 
'] 
There is a symmetry with respect to the origin 
Ν Ν Ν .Ν 
x i " ' xN-i+l ' ^ i = ωΚ-ί+1 (5) 
As we see from (2), the approximation of the integral Ъу the sum is 
exact for all polynomials up to degree 2N-1. For more information about 
this, we refer to a textbook on computing methods e.g. [Be 65] . 
Once we have chosen for the Gaussian quadrature scheme, we need to 
look carefully at the transformation. There exist several classes of 
functions which map the interval (Ο,αο ) onto (-l,+l). Among these 
functions we have to find that one that transforms our kind of functions 
f(k) into functions g(x) according to 
+1 .00 
(6) idx g(x) = fdk f(k) 
which functions g can be approximated very well by polynomials. 
Furthermore we want the degree of these polynomials as low as possible. 
Let us consider three mappings in detail : 
(i) a hyperbolic mapping : 
k-k 2k 1+x 
χ °- , g ( x ) = - a_
 f ( k ) , (7) 
k+k (1-х) 1-х 
(ii) an exponential mapping: 
—к/к к 
χ - 1 - 2 e ° , g(x) - ¿ j f (ko In ¿ j ) , (8) 
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(iii) a mapping with an arctangent : 
Tt 
arctan (k/k ) - 1 
(9) 
g(x) 
TT к 
4 cos [rr(x+l)/4] 
f(k
o
 tan[TT(x+l)/4] ) . 
The momentum к i s a scal ing momentum. I t governs the d i s t r i b u t i o n of 
the i n t e g r a t i o n points over the i n t e r v a l . 
gl« 
20 — hyperbolic mapping 
-mapping with arctangent 
-exponential mapping 
05 10 
Fig.VII.1. Functions g(x) 
obtained by three 
mappings, (see 
text). 
The influence of the transformation 
on the approximation can be seen 
clearly from fig.VII.1. Here we 
have plotted three different 
functions g(x) resulting from 
the three mappings mentioned 
above, with a function f given 
Ъу 
f(к) = l/k¿ for к > к
о
 , 
(Ю) 
f(к) = 0 for к < к . 
о 
(We have shown the upper part only). 
We see clearly that in this case 
we should use the mapping with 
the arctangent, because then the 
resulting function resembles most 
a polynomial. In the case of the 
exponential mapping we even could 
get troubles due to the pole at 
x=l. The integral over the peak is 
rather small. Therefore it may 
happen that the approximation by 
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a polynomial of low degree (small N) that does not place integration 
points in the region of the peak, is better than the approximation by 
a polynomial of larger degree which has a integration point there and 
still tries to lay a polynomial through all points. This is an illus-
tration of the fact that a larger number of gridpoints does not always 
give a better approximation, "ffe will come back to this in the next 
section. 
Let us assume that we have found the best approximation : 
N 
: f(k) « ¿2 Cjj f(kj) , (11) 
i-1 Í 
then the integral equation 
Ϊ(Ρ) - f(p) + [ dk K(p,k) f(k) (12) 
becomes 
f ( p ) - f ( p ) + J2co i K(p t k i ) f(k±) . (13) 
i 
First we have to find the values of f for the gridpoints k., so first 
vie have to solve 
f(k±) - f(k.) + j T W . K(k.,k.) <f(k.) . (14) 
This i s a matrix equation 
? i - f i + 2 Kio "j Ь , («) 
Ô 
which can be solved by matrix inversion : 
i 
Then we can calculate the values of f for arbitrary momenta, using 
equation (ij). In our case we don't even have to do that because we 
need to know the functions f of equation (VI.4.8) only for the gridpoints, 
The R-matrix will be calculated via equation (VI.4«9) by approximating 
that integral in the same way, using the same gridpoints. 
2. Estimation of the precision of the calculations 
In the preceding section we have seen that the mappings contain a 
parameter к which governs the distribution of the integration points 
over the interval (0,oo). In the beginning, it is not clear what kind 
of value for к we should take. When к is small, almost all integration 
results 
plateau 
Pig.VII.2. Expected behaviour of the results 
for variations of к . 
points are lying close 
to the origin and the 
behaviour of the inte­
grand for large к is 
not taken into account 
properly. When к is 
too large, then the 
values of the integrand 
at small к is not taken 
into account. So we 
expect that there is an 
intermediate region for 
к for which the approxi­
mation is best for the 
energies we are working 
at. A variation of к 
over this range should not give much variations in the results of the 
calculations : we should see a plateau as shown in fig.VII.2. 
Of course, when we increase the number of gridpoints the variations of 
the results should be less, at least when we have chosen a good trans­
formation. In fig.VII.3. we have shown the results of some calculations 
of the S
n
 nucleon-nucleon phase shifts at Т.
 ъ
=142 MeV, for values of 
kQ running from 100 MeV/c up to 25ОО MeV/c in steps of 100 MeV/c, 
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Pig.VII,3, S rmcleon-nucleon phase shift for various values of к 
and for several values of the number of grid points. 
employing θ, 12, 16 and 20 grid points. We see clearly that the variation 
in the phase shift becomes smaller for increasing number of grid points. 
Moreover, we observe that all variations are centered around an average 
value which is the same in all four cases. This gives us good confidence 
that the transformation we have used, the hyperbolic mapping, is the 
right one, 
It might be illustrative to define an average value and a standard 
deviation for this kind of calculations, despite the fact that they 
don't satisfy a Gaussian distribution. We did such calculations for 
a number of phase shifts for several mappings with к running from 
300 MeV/c to 2000 MeV/c. In table VII.l the average value and the 
standard deviation is given for the S- phase shift at T. .« 142 MeV in 
the case of 8 and 20 gridpoints. We find an illustration of the effect 
mapping 
hyperbolic 
exponential 
arctangent 
θ grid points 
S 
13.400 
13.460 
13.527 
Λ(δ) 
1.3 
0.12 
0.57 
20 grid points 
S 
13.331 
13.411 
13.331 
Δ ( 8 ) 
о.ооз 
0.053 
0.002 
Table VII.l. Mean values and standard deviations in calculating 
the X S
n
 ГО - phase shifts at T, = 142 MeV. 
mentioned in section 1. In the case of 8 grid points we should prefer 
the exponential mapping because of its small deviations. But for 20 
grid points the standard deviation is only halved and is much larger 
than the standard deviations in the case of the other mappings. 
In considering all phase shifts at several energies, it turns out that 
the hyperbolic mapping should be preferred with at least 12 grid points 
(as can be seen from fig.VII.3). Still we have to be aware of large 
deviations. There are two sources of instabilities . In the first 
place it may happen that one of the grid points lies too close to the 
pole of the Green function (i.e. the physical momentum). Then the 
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subtraction of large numbers from each other in employing the Kowalski-
Noyes trick may give large deviations. Such an instability is easily 
recognized in runs for к , because we find in this case a large deviation 
of all results at one particlular value of к at only one of the energies. 
In fig.VII.4, we 
have shown the devi­
ations of the A ρ 
cross sections from 
their average value: 
|cr(k )- Έ I for I ч о I 
several values of 
к , together with 
о 
the inverse of the 
distance of closest 
approach Δ , which 
is the minimum of 
the distances of 
all grid points to 
the centre of mass 
momentum : 
Λ - min Ik.-o. 
l t d 3 ' 
500 1000 1500 k0[MeV/c 
Fig.VII.4. Deviations of the Λρ cross sections 
from their average value and the /. ·, 
inverse distance of the grid points _, ., 
r
 The coincidences 
to the physical momentum. ., _, . 
r J
 are evident. It is 
clear that more 
complicated potentials will suffer more of this kind of instabilities 
than the simpler ones. In nucleon-nucleon calculations we don't have 
much difficulties of this kind. 
The second source of instabilities may be the occurrence of a sharp 
peak in the potential V(p,k) somewhere in the p-k plane. Then we may 
find large deviations at that particular value of к with which that 
peak is hit by one of the grid points. In this case -we will see this 
instability at all energies but probably in one state only. Such a peak 
might show up because of insufficient cancellations of large terms in 
the potentials. Often this will happen for large values of the argument 
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χ of the Legendre functions of the second kind i.e. for small momenta. 
For example, the Yukawa potential for Ρ waves has the form ¡ 
Х(р,к) - - (ТГ/рк) Q1(x) 
- - (ТГ/рк) [χ Q
o
(x) - ij , (2) 
where 
2 2 2 
ρ + к + JJL 
2 ρ к 
For large χ the term between brackets vanishes almost because 
1 
χ Q (x) - £ χ In ( 2ІІ ) ^ ι + — - + ... (3) 
3 1 In some states (e.g. D. and P.) this instability occurs frequently. 
It can be found by computer calculations of these potentials for a 
grid of small momenta. Then we will get almost random values for the 
potential especially for the lowest momenta. The potential will become 
more continuous for higher momenta. Especially in the YN calculations 
one has to be careful with the D. state. In nucleon-nucleon scattering 
1
 1 
we could have troubles with the calculation of the P.. state too. 
In fig.VII.5· we present the result of three calculations of the 
nucleon-nucleon P, phase shifts for T. . = 0 up to 425 MeV. Two calcu­
lations ( with к = 900 MeV/c and к =1100 MeV/c) show almost identical 
0 0
 #\ 
results, the third one (with к =1000 MeV/c) is completely different. ' 
The large difference could be due to a bad cancellation of large terms 
for small momenta. 
2 
When calculating the X to the experimental data, one only takes the 
experimental errors into account. However, this is justified only when 
the inaccuracy of our calculations is much smaller than the corresponding 
*) 
'In their comparison of the nucleon-nucleon phase shifts calculated 
with the BSLT-equation and with a local approximation, Thompson, Gersten 
and Green [Th 71J found a drastic change in the P. phases. Comparing 
their graphs with fig.VII.5 suggests a careful examination whether this 
change is not due to an instability of the kind mentioned above. 
154 
Fig.VII.5. Nucleon-nucleon P. phase shifts (modulo 180°) 
calculated for three values of к . 
о 
experimental errors. Therefore we want to look at the precision of our 
calculations. We will define the accuracy Ъу taking half the difference 
of the maximum and the minimum value in a variation of к from 500 MeV/c 
up to I5OO MeV/c in steps of 100 MeV/c, leaving out instabilities as 
mentioned before. 
Let us first consider the nucleon-nucleon calculations. The accuracy 
of the calculations for the lowest partial waves for the three energies 
T. = 25 MeV, 142 MeV and 425 MeV is given in table VII.2. We find that 
xa D 
the deviations are smaller than the experimental errors already for 
12 grid points. Note that in general the accuracy decreases for in­
creasing energy. So we should expect that the precision of the low-
energy parameters should be excellent. As vie see from table VII.3f 
the accuracy is not bad indeed except for the S
n
 scattering length 
in the case of 12 gridpoints. Note however that a varies very easily 
because of its large value ( we have a nearly bound state in this case). 
So one could decide to use 20 grid points. But we want to remark that 
2 
for the performance of a χ -fit one has to do numerous calculations 
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partial 
wave 
Χ 
Χ 
X 
X 
X 
X 
1 
X 
X 
X 
X 
2 
12 grid points 
25 142 425 
.054 .058 .150 
.006 .034 .121 
.007 .031 .186 
.003 .022 .119 
.042 .166 .422 
.009 .169 .440 
.016 .033 Л97 
.001 .005 .031 
.004 .129 .345 
.001 .016 .035 
.001 .007 .034 
.001 .008 .038 
20 grid points 
25 142 425 
.001 .008 .003 
.000 .002 .007 
.021 .008 .068 
.000 .009 .009 
.001 .005 .027 
.008 .021 .027 
.001 ,002 .013 
.000 .001 .002 
.000 .019 .025 
.000 .006 .002 
.000 .001 .003 
.000 .002 .003 
ТаЪІ VII.2. Uncertainties in the phaseshifts (in degrees) for the 
lowest partial waves in nucleon-nucleon scattering. 
parameter 
a
s 
r
s 
at 
rt 
12 grid points 
.4 
.006 
.01 
.002 
20 grid points 
.002 
.001 
.000 
.001 
ТаЪІе ІІ.З. Uncertainties in the calculations of the 
nucleon-nucleon low-energy parameters 
in fm. 
requiring a large amount of computing time. On the IBM 370/158 computer 
we were using, for one calculation of all phase shifts listed in 
tahle VII.2 at three energies, a CPU-time was needed of 
5.4 seconds in the case of 8 gridpoints, 
10.4 " " 12 " , 
17.5 " " 16 " , 
26.8 " " 20 " 
We decided to use 12 gridpoints when we are still far off the experi­
mental values in our fit, switching to 20 grid points as soon as a 
precision fit became necessary. 
So far for the nucleon-nucleon calculations. Let us now turn to the 
case of hyperon-nucleon scattering. There the situation is worse because 
the potentials are much more complicated. Por 2L Ρ ^he accuracy is good 
with the exception of the triplet effective range. For the total cross 
section at p.. ,- 175 MeV/c, we got 
Д (CT) = 0.21 mb - 0.22 fo . 
The deviations of the low-energy parameters are 
Д ( а
д
) = 0.002 fm 
Д ( г ) - 0.006 fm 
A ( a t ) - 0.004 fm 
A(*t> σο 
In these calculations r. varied from +15 fm to -182 fm. This very 
unstable behaviour is probably due to the fact that the S, £ ρ 
potential is very weak, combined with the fact that for calculations 
of the low-energy parameters the values taken for к are too high. 
Because of the lower energy the stability plateau for these calculations 
covers lower values of к ; when к was varied between 200 MeV/c and 
600 MeV/c, we got a deviation of about 1.5 fm. 
For the other calculations we are dealing with integral equations with 
two coupled channels. This might be the reason why the precision here 
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is rather bad. Рог the Σ.~ρ cross sections at p. ,» I65 MeV/c, we got 
Δ CT (Σ"ρ -*ΣΓρ) - 9.31 mb = 6.7 /о , 
Δ (Γ ( Ζ~Ρ—£°η ) - 0.84 mb = 0.9 % , 
А СГ ( 2L~P ·*Λη) • 2.05 тЪ = 1.9 % , 
and for the capture ratio at rest calculated at p. . = 15 MeV/c 
•lab 
Д(г )- 0.018 = 9.5 1° 
С 
The accuracy of the ΛΝ cross section at ρ, , = 290 MeV/c was 
Δ ( Γ ( Λ Ν ) = 1.9 тЪ = 3.7 lo , 
and for the errors in the low-energy parameters we found : 
Δ (ag) = 0.24 fm , 
Δ (r8) - 0.05 fm , 
Δ ( a t ) - 0.001 fm , 
Δ (rt) - 0.41 fm 
We see that the accuracy of the YN calculations is not very good. Of 
course we can make the calculations more precise. But that will cost 
computing time. At this moment the experimental errors are so large 
that we don't need more accurate calculations. 
It will he clear that in solving the complex BSLT-equation, where we 
have to handle complex numbers, the precision will decrease. 
3. Calculation of the Legendre functions of the second kind 
It is very worthwile to look carefully at the numerical calculation 
of the Legendre functions of the second kind. In the first place we 
need to calculate these functions with a rather high precision because 
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of the cancellation of terms in the calculations of the potentials. 
Secondly we should calculate these functions as quick as possible : 
they are needed for each exchanged meson at all grid points. So we have 
to look for an algorithm which gives enough accurate results in a 
minimum of computing time. 
The Legendre functions of the second kind are defined Ъу 
+ 1 
ftj (χ) - i dz 
p , ( . ) 
(i) 
where the Ρ
γ
 (χ) are the Legendre functions of the first kind ( the 
Legendre polynomials for integer J ). We may restrict ourselves to 
integer values of J . The Q T -functions are alternatively odd and even 
J+l 
Qj (x) » (-) Qj (-x) (2) 
and satisfy the recurrence relation : 
Qj (x) - - Í (2J -1) x Qj _x(x) - ( J-l) Q j_2(x) • (3) 
The functions are analytic in their argument except for a cut running 
from -1 to +1. (see fig.IV.l). V/e need to calculate the Q -functions 
J 
only for real χ or for imaginary x, so we distinguish three cases : 
(i) χ real , I χ 1 > 1 
(ii) χ purely imaginary , 
(iii) χ real , | χ 1 < 1 
(i) χ real , 1x1 > 1 
The recursion relation (5) gives a loss of significant figures for an 
argument larger than 1 and for increasing order J. But when χ is rather 
close to 1 ( in practice when I χ I < 1.1 ) the loss of significant 
figures is not important. Then we use equation (3)t starting from 
3(x) - i in ( Jíj ) , Ql(x) - i x In ( jgj ) - 1 . (4) 
Of course, for J=0,1 we use these relations for all x. 
For larger values of χ we get more accurate results when we use the 
connection of the Q T - functions with the hypergeometric functions. 
There are several relations of the kind [Er 53^ ' 
ftj(x) - A
x
 F(a1,b1,01l^ ) + A2 F(a 2,b 2,c 2;4) 
(5) 
with 
ζ = f(x) -
Our choice is governed by economical reasons : 
a.Consider only those relations in which either A, or A„ is zero, 
b.Look at those relations in which the series expansion of the hyper­
geometric function is most converging i.e. try to get ζ as small as 
possible. 
c.One will save time by getting the values a.,b.,c. as small as possible. 
We came out with the following expansion : 
T(J+1) /-я—• -J-l x- \/x -1 
J
 T(J+3/2) x+\/x2-l 
(6) 
In fact we used toroidal coordinates in which 
-2\ x - V x 2 - 1 
χ = cosh v\ , e = 
x+ W^ ' 
(7) 
r(J+i) -(J+D4. , , -4 
Q T ( c o s h « ) -y/Tl e F ( i , J + l , J + 3 / 2 ; e ) . 
J
 T(J+3/2) 
When x < - l , we use e q u a t i o n (2) a f t e r w a r d s . 
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(ii) χ purely imaginary 
Let us first take In i < 0, Again we look for an expression in terms 
of hypergeometric functions, imposing the same conditions. We found : 
1 
,—, r(J+i) ? -i л — 4 J + * 
.(χ) - Jin — (χ2-ΐ) [x-Vx-l] 
r
 r(J+3/2) L 
-x+ \Jx2-l' 
F(£,£,J+3/2} 7=* r ) 
2 Vx -1 
(8) 
or with χ = cosh 
Qj(cosh >¿) " / T F Γ (J+D 
Γ (J+3/2) 
. J * 
7 ^ ^ г P(i,i,J+3/2; -2*1 ι e *- -1 ) . (9) 
Note that here 
j* i j + i ι J U 
e = (i) e 
When Im χ > 0 , we employ eq.(2) afterwards. 
(iii) χ real, | x| < 1 
For a value for χ on the cut, one mostly defines a principal value for 
the Q T -functions ¡ 
r(x) - Ь [ Qj(x+i ε ) - ftj(x-iε) } . (10) 
Then the value of this function when the argument is just below or 
ahove the real axis, is given by 
(x ¿ i t ) = Q (x) + i £ТС Ρ (X) (11) 
Because I xl < 1, Q,.(x) and Pj(x) can be calculated via the recursion 
relation (3) without loss of significant figures, starting from 
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ÌQ(X) = i In ( i±f ) , P0(x) = 1 , 
Q^x) = i x l n ( g ) - l , P1(x) = 
(12) 
The hypergeometrie functions appearing here are calculated employing 
the expansion 
Γ(θ) V» Г(^п)Г(Ь+п) 
F(a,b,c;x) - 2 s 
Г(а)Г(Ъ) n-0 Γ(ο+η) η! 
(13) 
The series will Ъе stopped when the ratio of the last term and the 
result sofar comes below some value. That number will be estimated by 
_7 
precision runs. In our case it turned out to be 10 . 
4. Organization of the computer programs 
We shall first consider the calculation of the nucleon-nucleon scattering 
data (phase shifts and low-energy parameters) starting from a set of 
input parameters (coupling constants, mixing angles, formfactor masses) 
gathered in a parameter matrix. Such a complete calculation will be 
governed by a subroutine OBEP which connections with the necessary 
subroutines is shown in fig.VII.6. 
First we have to calculate the real 1=0 and 1=1 coupling constants to 
be put in the potential calculations, from the parameter matrix. This 
is done by PROCES which calculates the coupling constants for the 
physical particles from the pure octet and singlet coupling constants, 
the F/(F+D) - ratio Ы. and the mixing angle θ . Then we make the correc­
tion for the large decay width of some mesons ( in WIDTH ). The 
specification to pp and pn scattering is done in PROPRO and PRONEU 
respectively, using FORMF for the formfactor correction according to 
the method described in section ГУ.4. 
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ΟΒΕΡ 
PRO 
CES 
POT 
TAB 
POT 
LEF 
POT 
BOR 
GREENF 
KOW 
NOY 
PHASE 
SCATTI 
WIDTH 
PRO 
PRO 
PRO 
NEU 
POTEN 
FORMF 
OFF 
MOM 
PS 
SCAL 
SCA 
LAR 
VEC 
TOR 
QJOFX HYPRG 
MXINV SIM 
LEQ 
Fig VII.6. Structure of the subprogram OBEP. 
The rest of the calculations is done for each value of the total 
angular momentum separately. For the solution of our equations, we need 
potentials V(p,k) where both sides are off-the-mass-shell.This potential 
is independent of the total energy, so its calculation (in POTTAB) has 
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NNFIT METHOD 
PREP 
SET 
EXP 
FITl 
GRID 
GRADP 
KWONE 
LIN 
FIT 
GAUSS 
EIGEN 
CHISQ 
LIN 
CHI 
OBEP 
Fig.VII.7. Structure of the subprogram NNFIT. 
to be done only once. The potentials where one side is off-the-mass-
shell ( V(p,q) , calculated in POTLEF ) and the potentials where both 
sides are on-shell ( V((i,q), calculated in POTBOR ) have to be calcu-
lated again for each energy. 
The actual calculation of the potential V(p,k) is done via POTEN. First 
we call the subroutine OFFMOM which calculates all expressions which 
occur several times in the potentials to avoid the doubling of calcu-
lations. Then PSSCAL, SCALAR and VECTOR calculate the potentials in the 
helicity representation due to the exchange of pseudoscalar, scalar and 
vector mesons respectively. The transition to the LSJ -representation 
is done in POTEN for the complete potentials. The function of the 
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subroutines QJOFX and HYPRG need not Ъе explained. 
After the values of the Green function at the grid points are calcu­
lated in GREENF, we have everything ready for solving the R-raatrix 
equation. This is done in KOWNOY with the help of SIMLEQ,which solves 
a simultaneous set of linear equations and MXINV (which inverts a matrix). 
As soon as the R-matrix is known,we are ahle to calculate the phase 
shifts ( in PHASE of course ) and the low-energy parameters. 
The structure of the whole nucleon-nucleon fit program (UNFIT) is 
shown in fig.VII.7. The subroutine METHOD serves for the calculation 
of the grid points, it gets the Gaussian integration points from GAUSS. 
PREP reads the experimental phase shifts and error matrices from a 
dataset on disk and SETEXP puts them in the appropriate arrays to Ъ 
used for the calculation of the chi squares in CHISQ. The other sub­
routines mentioned in fig.VII,7 are search routines. We shall look at 
them in the next section. 
The hyperon-nucleon fit program YNFIT has about the same structure. 
There is an extra subroutine (KINEM) which calculates the energies and 
the momenta in the different channels before the fit will Ъе started. 
We do not read in the experimental data here, they are gathered in a 
BLOCK DATA subprogram. 
In fig. VII.8 vie have illustrated the structure of the subprogram CHISQ 
2 
and its links with the other subroutines needed to calculate the X 
starting from a parameter matrix. In REGEL the coupling constants are 
calculated for the scattering in the single channel UN I=3/2 a n d i n 
the two coupled channels ΛΝ, Σ!Ν I=l/2 using the subroutines SU3, SU2, 
WIDTH and F0RÏ.1F, whose function is obvious. Via CONSTR we first might 
have imposed the constraint that the nucleon-nucleon coupling constants 
remain the same as before. The subroutine SOL governs the calculation 
of the R-matrix starting from the coupling constants. Its structure 
is almost the same as the structure of the subroutine OBEP in UNFIT. 
We only have an extra subroutine (CHAN) which has been introduced to 
avoid lengthy address calculations in the potentials by reducing these 
calculations to one-channel ones. 
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CHISQ 
MODEL 
S IG 
PRO 
LAM 
NEU 
LAM 
PRO 
OUT 
PUT 
CONSTR 
REGEL 
SOL 
TMTR 
S IG 
TOT 
SU3 
SU2 
WIDTH 
PORMP 
CMXINV 
cm 
LEQ 
Fig.VII.8. Structure of the subprogram CHISQ in YNFIT . 
SOL has calculated the R-matrices in the isospin basis. For comparisons 
with the experimental data, we have to make the transition to the 
particle basis. This will be done according to the formulae given in 
section V.4 in the subroutines SIGPRO, LAMNEU and LAMPRO. Furthermore 
we calculate there the T-matrix elements (via TMATR), the cross sections 
(via SIGTOT) and the low-energy parameters. CIMLEQ solves a simultaneous 
set of complex linear equations, CMXINV inverts a complex matrix. 
The program YNFIT solves the set of real integral equations. For the 
calculation of the T-matrix at all energies we have the program BSA. 
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ira 
SN, 1=3/2 
ΛΝ, ΣΝ, 1-1/2 
below ΣΒ threshold 
AN, ¿Ν, I-I/2 
above ZN threshold 
AN, EN, 1=1/2 
complex program 
potential 
first time 
18. 
39-
80. 
103. 
113. 
calculations 
second time 
1.6 
6.5 
20. 
44. 
46. 
solving the 
integral eqs. 
5.5 
9.0 
74. 
74. 
238. 
Table VII,4. Relative computing times required for calculations with 
20 gridpoints for total angular momenta J-0,1,2. 
This program has about the same structure as the subprogram SOL with 
its connections but now most calculations are complex. 
It might be illustrative to look at the amounts of computing time 
needed to calculate the several processes. In table VII.4 we have 
shown the execution times involved in calculating the potentials and 
solving the integral equations. These execution times are calculated 
via a non-optimizing compiler, in practice the execution times are 
are about half of these times in seconds. Note that the amount of 
time needed to invert a matrix is proportional to the third power of 
the dimension of the matrix, the time needed to calculate its elements 
is proportional to the square of its dimension. Thus for large dimen­
sions, solving the integral equations will need more time than calcu­
lating the potentials. We are still at the point where the calculation 
of the potentials needs most of the time. The difference in computing 
time between the first and second column in table VII.4 comes from the 
fact that the off-shell potential V(p,k) has to be calculated only 
once. We find too that the calculation of the Σ. ρ potentials require 
more time than the NN potentials because they are more complicated. 
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# grid points 
8 
12 
16 
20 
J=0 
.052 
.14 
.27 
.51 
J-l 
.24 
.65 
1.4 
2.5 
Table VII.5. Execution times needed to solve the integral 
equations for nuoleon-nucleon scattering. 
In table VII.5 we have shown the execution times needed for the 
solution of the integral equations. V/e see that the computing time is 
increasing strongly indeed for an increasing number of grid points. 
A complete nucleon-nucleon calculation involves calculating all phase 
shifts from J-0 up to and including J»5» for six energies plus the 
low-energy parameters. For such a calculation we needed 2.07 minutes 
CPU-time using 20 grid points. Por a complete calculation of all 
hyperon-nucleon data i.e. 4 Σ Ρ cross sections, 14 Zl~p cross sections 
plus the capture ratio at rest and 12 Λρ cross sections with J»0,l,2^, 
we will need 27.2 minutes. It will be olear that we cannot perform 
2 
X fits with complete calculations. V/e reduce the execution time in 
fits by taking only J=0,1 into account and by making a selection of the 
experimental data. 
All calculations were performed with the IBM 370/158 computer of the 
Katholieke Universiteit Nijmegen. 
5. Search procedures 
When one wants to make a fit of a set of parameters to the experimental 
data one should start by investigating the dependence of these quantities 
on the parameters via parameter runs. These are very useful too because 
when we are still very far off the final values the fit routines cannot 
be trusted very well. One could use the subroutine GRID in which each 
2 
parameter is treated separately and in which the minimum % for a 
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parameter is found Ъу varying that parameter in small steps in the 
2 2 
direction of decreasing %. until the % goes up again. Then the 
subroutine takes the next parameter. 
A method which might go quicker to a low % is used by the subroutine 
GRADP. Here we go into the direction of the gradient i.e. the steepest 
descent. Because it turned out that using the normal gradient of the % 
does not work very well when the values of the search parameters differ 
orders in magnitude, we used a gradient in which the parameters are 
weighed by their current value. Let us denote p. the value of the para­
meter p. at the current starting point. Then we use the gradient with 
respect to the parameter q., where 
VI (1) 
so 
(VqX¿)i ax 
ЪРІ 
о 
p.=p. 
Now we go into the negative direction of this gradient over a distance 
d, i.e. we vary the parameters q. by 
Δ4* 
( V ç X ) i 
I v^ 21 
So the increments of the parameters p . are 
1
 'OK 
\Ъ ρ,· / о 
v
 ι/ p.=p. 
0 / 0 % 
П О Р , 
1 / ρ . = p . 
1
 1 * 1 
21 
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It may happen that this method fails while GRID works properly. Then 
correlations between the search parameters are playing a role. 
2 
When the % -surface is assumed to be smooth and when correlations 
between the search parameters are not very important, one could use 
2 
the subroutine KWONE in which the dependence of the X on one parameter 
is approximated by a parabola of positive curvature. We write : 
% (ρ+Δρ) = Χ (ρ) + Δρ - — Γ + ·5"(ΔΡ) ? 
^ Ρ 2>t>2 
2 
and we require that the X is minimal at ρ+Δρ This implies that 
Э Х
2 ( Р + Л Р ) 
~д Δ-ρ 
so we f i n d 
Λ Ρ 
C5X 2 /dp) 
(ъ2х2/ъ 2) 
Here the derivatives are calculated via 
and 
"d-xVdPi = [%2(P i+P id) - x 2 ( P i -p.d)] /2Pid 
Ъ
2
*
2/Ъ \ =[χ2(Ρί+Ρ±<ί) + X 2 ( P i - P i d) - 2X 2 (p.)]/(p.d) ; 
There are two kinds of explanation for a possible failure of this method. 
In the first place it might be that the calculation of the derivatives 
is not done vieil. Provided the precision of the model calculation is 
good enough, we should decrease d. The other reason is that the 
assumption could be wrong. When we find a negative second derivative, 
the iteration may fail. The best thing to do then is to employ GRID for 
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this parameter. 
The methods considered so far don't take into account the correlations 
between the parameters. In FIT1 the derivatives are calculated with 
respect to several parameters simultaneously. We write : 
% (p+^p) = % (p) + 2, — Д
Р і
 + i 2_, -эр.^р, A P i ΔΡ. 
i itj X J 
and again we require that X, (p+ др) is minimal. Then we find for the 
increments we have to choose 
where 
*Pi = - Σ {2oc)'±] 
" " J J 2 
This method assumes also that the second derivatives in all directions 
are positive. Therefore when an iteration goes wrong, it might be due 
to the fact that there is some direction in which the second derivative 
is negative, besides the fact that the calculation of the second 
derivative matrix may not be good enough. In case of a bad iteration, 
the subroutine calculates the eigenvalues and eigenvectors (via EIGEN) 
of the second derivative matrix. When some eigenvalue is negative, the 
2 
program proceeds along its corresponding eigenvector to lower the "X . 
The method used in this quadratic fit is a rather nice one, but it has 
the disadvantage that the number of calculations needed to get the 
second derivative matrix Ы. is proportional to the square of the number 
of search parameters η : 
# calculations = -gn(n+3) + 2 
One could try to calculate the matrix oí. in another way involving less 
model calculations. This is done in LINPIT in which the first derivatives 
2 
are calculated of the experimental quantities. If the % is given by 
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then 
and 
Σ
 θ 
ХЧ ) 
А і 
э х
2 
*\ т 
„ ^ Г - І(Р) 
^ · Σ M 
2 
Σ ( Α θ . ) 2 "àPj'bPk 
In LINPIT we neglect the second term, so we have to calculate the first 
derivatives only. Note however that neglecting the second term in the 
formula аЪо е means (again) neglecting the correlations between the 
search parameters. 
2 
In the NN- and YN-models we are concerned with, the % -surface is 
behaving rather wild due to the cancellations of large potentials. 
This surface will therefore contain a number of local minima. Because 
the fit routines don't come out of such a minimum, one should be aware 
of them. In fact, one should choose several starting points for the fit. 
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CHAPTER Vili 
RESULTS 
1. Coupling constants and formfactors 
We start with the assumption of SU(3) symmetry for the potentials, 
•breaking this symmetry only via the masses of the baryons and the 
mesons. We take the physical masses of the particles [PDG 74] , averaged 
over the isospin multiplet. The ^ meson and the e meson have to be 
treated separately because of their very large decay widths. We 
attributed an effective mass of 56O MeV/c to the ε meson. We decided 
to calculate the mass of the strange member of the scalar meson nonet 
via the Gell-Mann-Okubo mass formula from the masses of the other 
scalar mesons and the mixing angle obtained from the fit. The result 
turned out to be about 950 MeV/c . The masses of the mesons are given 
in table 1.4. 
For the coupling constants we assume SU(3) symmetry except for the 
breaking due to the mixing of the mesons. Apart from the formfactors 
we have 15 parameters. There is an octet coupling constant gioii a 
singlet coupling constant g.,, , and an F/(F+B) - ratio for the four 
types of couplings of the baryons with the mesons : coupling with the 
pseudoscalar mesons, the scalar mesons and the direct and derivative 
coupling with the vector mesons. Furthermore there is a mixing angle 
for each of the meson nonets. The values of the mixing angles for the 
pseudoscalar nonet and the vector nonet are fixed by the physical 
masses of the particles, the mixing angle of the scalar nonet is a 
search parameter. 
Several models ( universality [Sa 6o],[Sa 6θ], SU(6) [GU 64], 
relativistic SU(6) [Sa 65] ) predict a value of 1 for the F/(F+D) -
ratio of the direct coupling of the vector mesons. Therefore we did not 
search for it but fixed this parameter to 
oil - 1 . 
SU(6) and its relativistic generalization [Sa 65] predicts a value of 
0.4 for the P/(F+D) - ratio of the pseudoscalar mesons. The last one 
predicts for this ratio for the derivative coupling of the vector mesons 
a value of 0.28. Because a fit to the nucleon-nucleon data does not 
discriminate strongly between the two isosinglet members of a meson 
Ρ V 
nonet, we fixed the values ot - 0.4 oí - 0.28 in the beginning of 
our fits. We note that it is almost impossible to get a good overall 
2 
picture of the χ surface in its multi-dimensional parameter space. 
Furthermore it turns out that the Ъагуоп-Ъагуоп potentials consist of 
2 
very strong terms cancelling each other. As a consequence, the % -
surface is behaving very wildly. Therefore one should employ several 
points in the parameter space to begin with, at the end of a fit most 
parameters don't change much anymore. Vie have fixed the F/(F+D) - ratios 
to the values mentioned above for a long time. 
The formfactors are important parameters in our fits because of the 
large role of the S waves, especially in the YN interactions. It turned 
out to be impossible to use one formfactor for all interactions, so we 
had to introduce several ones. 'He decided to use Sü(3) symmetry for 
these formfactors by attaching them to the irreducible representations 
of the channels involved. This implies that we have to use two form-
factors for the NN system : one formfactor with a formfactor mass Λι ? 7ι 
for the proton-proton interactions which take place in the irreducible 
representation {27} of SU(3) and one formfactor with Λ l-i0*l for the 
1=0 pn system. For the YN system we have four formfactors : two for the 
ΣΝ I=3/2 system and two for the AN, £N I=l/2 system. But in the EN 
1=3/2 system, the antisymmetric space-spin states ( S
n
 etc.) belong 
to the same irreducible representation of SU(3) as the pp states. So 
from SU(3) symmetry it follows that we should use the same formfactor. 
He are left with five different formfactors : 
Л , *, for N». 1=0 . 
174 
Д for NN, 1=1 
^ and ΣΝ, 1=3/2, space-spin antisymmetric , 
Д for ΣΝ, 1=3/2, spaoe-spin symmetric , 
lio} 
Д „ for ΛΝ, ΣΙΝ, I=l/2, space-spin symmetric , 
7
 Mio ! e i8A! 
f\ for ΛΝ,ΣΝ, 1-1/2, space-spin antisymmetric 
I271 © U
s
l 
Because the experimental situation of the NN system is completely 
different from the situation in the YN system, one cannot perform a 
NN + YN - fit at the same time. We first have to make an almost complete 
NN fit before going over to the YN system. Then a slight change of some 
couplings may have a disastrous effect on the nucleon-nucleon fit. So 
we have to look for the ambiguities left by the NN interactions. 
What can be varied once an NN fit has been completed? 
(i) Of course there are three formfactors which are not fixed by the 
NN fit. 
(ii) In the scalar meson exchange potentials we have four free 
parameters : g,„, , g,,, , "t and θ , but there are only three 
coupling constants influencing the nucleon-nucleon interactions : 
SNNS ' gNNS* ' δΝΝε * S° W e а Г е l e f t w i t h t h e a m t i ^ i t y t h a t w e 
can vary the mixing angle Q and calculate oL such that the 
nucleon-nucleon coupling constants remain the same. 
(iii) In the NN potentials we find only the squares of the coupling 
constants. Thus changing the sign of these couplings does not 
effect the NN calculations, but it may have some influence on the 
YN results. Investigating these potentials one finds that there 
is one sign ambiguity which will change the YN potentials namely 
g
 {8} • " g {8} 
—** -
cross sections [mb] -, 
τ — ι — ι л 
Σ
+
ρ at 175 MeV/C 
Σ"ρ at1675 MeV/C 
Λ ρ at 210 MeV/C 
1.0 0 s [rad 
Fig.Vili.1. Dependence of the elastic YN cross sections on the 
S S 
mixing angle 0 when oC is fixed such that the NN 
coupling constants are kept the same. Vie have also 
indicated the corresponding cross sections at one 
standard deviation from the experimental values 
( horizontal lines ). 
the other ones either don't change the YN potentials or belong to 
ambiguity (ii) possibly combined with (iii). 
(iv) Finally we can use the fact that the potentials are dependent 
mainly on g /m . Because the η and X exchange potentials are 
weak, a change of these coupling constants i.e. a change of oC 
will not have a large influence on the NN results provided we have 
kept the sum 
ι
 2
 / 2 ϊ ( gNN* ' m n > + ( gNNX / mX } 
о о 
constant. 
During the nucleon-nucleon fit vie used the value oC =0. Then we tried 
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Fig.VIII.2. Same as fig.Vili.1 for the inelastic cross sections. 
to fit the YN data using the ambiguities mentioned ahove. The most 
S S important one is the Q - oL ambiguity. In figs.VIII.1 and 2 we have 
shown the dependence of the YN calculations on the mixing angle, the 
first one for the elastic cross sections, the second one for the 
inelastic cross sections. We find that we have a very strong YN inter­
action for small values of the mixing angle. In fact, all systems have 
bound states here. On the other hand, we see in the second figure that 
g 
the inelastic cross sections force us to low values of θ . 'He have a 
1 + S 
bound state in the S- Σ Ρ system for -0.3 rad < θ -¿0.3 rad. Due 
to the fact that for this state the formfactor is fixed by the NN - fit, 
we have to go to larger values of ]θ | . Nagels, Rijken and De Swart 
[Na 73],[Na 75],[Rij 75] made a fit with 0S=O.15 rad., but they broke 
SU(3) symmetry by employing another hard core for the S 0 £, ρ system 
than for the S
n
 proton-proton system. We wanted to keep as much SU(3) 
symmetry as possible so we decided to deny their solution. We note an 
3 
interesting region around θ =-0.4 rad., but the Ap system has a very 
strong attraction in the S« state there ( almost a second bound state ) 
pseudoscalar mesons 
sca lar mesons 
vector mesons (direct ) 
vector mesons (.derivative) 
«18J / ^ 
5.7918 
1.0537 
0.6711 
4.1207 
g U l /^тс 
0.8712 
2.2117 
3.4529 
0.6695 
oL 
0.4638 
0.9553 
1.0 
0.2711 
θ [rad] 
-0.182 
0.444 
O.691 
O.691 
Table VIII.l. Coupling constants resulting from the fit. 
and the ability of formfactors to remove bound states is limited. The 
3 
only place where we can hope to succeed is at θ ÄSO.4 rad., with the 
help of the other ambiguities. 
The coupling constants resulting from the fit are given in table VIII.l. 
The values of the formfactor masses are : 
Д = 1207.35 MeV 
{271 
Λ . *. = 1521.67 MeV , 
lio i 
Λ = 800.16 MeV 
lio} 
Λ * , , = 1158.31 MeV , 
lio 1 © \B¿ 
Д - 1802.17 MeV , 
/ Ч
І27І Φ Í8sl 
The value of Λ lio! seems a little bit low compared with the other 
ones, but as will be discussed in section 3» there is a large uncer­
tainty in that value. On the other hand the value of the formfactor mass 
connected with the representation І.27І φ ΙВ ( is very high. It could 
be that this explains the appearance of the resonance in the Λ ρ system. 
At the energies we are considering, a very important role in tne baryon-
baryon interactions is played by the S waves. Thus when one estimates 
the coupling constants by a fit to the experimental data, one expects 
a large influence of the S wave interactions on the values of the 
coupling constants. In these S wave interactions one mostly assumes the 
presence of unknown short range interactions ( caused for example by 
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meson 
Tt 
η 
X
o 
ε 
s 
ε 
î 
Φ 
Cò 
F i t 
S А/4ІГ 
3.7918 
1.9990 
0.5179 
1.0537 
0.5987 
2.7347 
O.6711 
- І . 3 0 4 8 
3.4016 
A 
f Λ/4Κ 
4.1207 
-O.2722 
О.6437 
F i t 
g /ДтГ 
3.7575 
1.6671 
2.1848 
1.1385 
0 .6501 
2.7242 
0.5429 
-1.5697 
3.3749 
в 
f /Дк 
4.2362 
-0.2432 
0.6175 
ТаЪІе Vili.2. Nucleon-nucleon coupling constants resulting from 
the Ъагуоп-Ъагуоп fit ( Fit A ) compared with the 
coupling constants obtained from the NN fit in 
which the S waves are excluded ( Fit В ). 
the exchange of heavier mesons) parametrized Ъу the formfactors and the 
coupling constants. Then we should get a better estimation of the 
coupling constants when we should fit the experimental data excluding 
the S waves. In order to see the influence of the S waves, we made a 
fit for the Ш phase shifts excluding the low-energy parameters and using 
the experimental values for the S wave phase shifts and the phases 
1 3 3 
coupled with these : S
n
, S, , D, , £•,. V/e used one formfactor for all 
phases, we got a value of 1412.32 MeV for it. The results of this fit 
are displayed in table VIII.2 ( fit B) together with the nucleon-
nucleon coupling constants resulting from our overall NN+YN fit ( fit A). 
'He shall not make a detailed comparison of the coupling constants that 
we have obtained with those of other models, but we want to have a 
brief view of the couplings obtained by recent OBEP-models. Therefore we 
have collected some of these in table VIII.3. V/e note that the result 
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parameter 
e¿/4IC 
ΣΑ 
4Jtm 
% N V 4 1 C 
2 
y gS 
% Ν ? / 4 Τ Γ 
% Ж о / 4 Г С 
%Νψ / 4 Т С 
(f/eJç 
(* / · )« 
(Ña 75] 
13.40 
41.20 
-
45.02 
0.55 
11.36 
1.26 
8.11 
0.69 
[Rij 75j 
15.40 
57.50 
0.78 
47.50 
0.69 
12.01 
0.47 
6.07 
0.69 
[Soh 7 | 
14.40 
26.70 
-
22.63 
0.61 
9.05 
-
4.78 
0 . 1 
[Er 74^ 
14.00 
6.65 
2.47 
20.16 
0.70 
9.80 
4.90 
4.50 
-
Цг 72] 
14.45 
10.91 
0.9 
21.55 
0.69 
8.30 
-
5.21 
0.44 
Цг 72] 
14.15 
15.05 
2.41 
24.58 
0.77 
10.92 
-
4.98 
0.29 
А 
14.38 
13.55 
1.11 
24.21 
0.45 
11.57 
1.70 
6.14 
0.19 
в 
14.12 
14.42 
1.50 
24.09 
0.50 
11.39 
2.46 
7.81 
0.18 
ТаЪІе ІІІ.З. Some coupling constants of other ОЗЕР-models compared 
viith the results of our overall Ъагуоп-Ъагуоп fit ( A ) 
and the nucleon-nucleon fit excluding the S waves ( В ). 
In the results of Bryan and Gersten fBr 72], the first 
column refers to their complete Ш fit, the second to 
a similar fit as our fit B. 
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of Rijken ¡Rij 75J resembles very much the result of Nagels [Na 75J 
because they made the fits in cooperation. They employ non-relativistic 
models with local potentials. The other authors utilized relativistic 
three-dimensional equations. 
In the first place we see that all relativistic models have pion 
coupling constants that are rather close to the value obtained by the 
energy-independent phase shift analysis of the Livermore group [MG 69]: 
g,™ /4TC » 14.43 ± 0.41f in contrast with the non-relativistic models. 
Notice that the pion coupling constant becomes smaller when one excludes 
the S waves from the fit. In the work of Schierholz, the value for this 
coupling constant was input to the fit. 
In order to be able to compare the different models, we assumed that 
ρ ρ 
the strength in the tail of the potential is given mainly by g /m . 
ρ ρ 
So we calculated the value of g /4 ft m for the pseudoscalar mesons 
summed over all isosinglets ( second row in table VIII.3). We did the 
same for the isosinglet scalar mesons ( fourth row). We notice that the 
non-relativistic models use very large values compared with the relati­
vistic ones in both cases. As seen from the table there seems to be some 
cancellation between the isosinglet pseudoscalar mesons and the scalar 
ones. Erkelenz, Holinde and Machieidt got a small value for the coupling 
constants of the pseudoscalar mesons, but they have a large S coupling 
constant. There is a similar contamination between the isosinglet scalar 
2 
mesons and the co , but then we should look at the g 's itselves, 
because this cancellation is more important in the inner region of the 
potentials. The short range parametrizations ( formfactors or hard cores) 
will have more influence on these values therefore. 
ρ 
Vie notice that the values of g-jxNo /4 TC in our case and in the case of 
Nagels [Na 75І are largely deviating from the results obtained by the 
other models (and by the vector dominance model fSa 68] ). In the case 
of Nagels this could be explained by the absence of the S" meson, in our 
case the S1 is strong enough. We have not given the derivative couplings 
of the φ meson because the influence of this meson in its f-coupling 
on the nucleon-nucleon interaction is small. The same holds for the 
X coupling constant. 'He see in table VIII.2 that this coupling may 
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pseudoscalar 
mesons 
Σ Σ. π 
ΛΣττ 
ΛΝΚ 
ΣΝΚ 
ΛΛη_ 
ΣΖ\ 
ΛΛΧ
β 
Σ Σ Χ. 
3.5173 
2.3477 
-4.2199 
0.2745 
-2.1512 
2.4666 
1.2817 
0.4319 
s c a l a r 
mesons 
Σ Σ & 
Λ Σ δ 
Λ Ν ^ 
£ΝΚ 
AAS* 
££S* 
ΛΛε 
Ζ Σ ε 
2.0131 
0.0544 
-1.7706 
-0.9594 
-0.9999 
-0.9017 
1.9735 
2.0203 
vector mesons 
Σ Σ ? 
ΛΖ? 
ΛΝΚ*" 
ΣΝΚ* 
Λ Λ £ 
Σ Σ Φ 
ДЛ ω 
ΣΣω 
d i r e c t 
1.3422 
0.0 
-Ι .Ι624 
-Ο.67ΙΙ 
-2.2006 
-2.2006 
2.6608 
2.6608 
der iv . 
2.2339 
З.4684 
-3.6688 
Ι.8867 
-3.0994 
2.246Ι 
-1.6945 
2.7264 
Table Vili.4. Coupling constants for the vertices in which the 
hyperons are involved. 
change largely during a fit. The contribution of the η is weak also. 
It is therefore hard to disentangle the contributions of the У[ and 
the X meson. In our case this is done via the YN fit in which we 
о 
have searched the value of the F/(F+D) - ratio. Despite the fact that 
the coupling constants of the pseudoscalar mesons of our model differ 
so much from the couplings according to Nagels and Rijken, we have 
almost the same F/(F+D) - ratio ( Nagele : oí. = O.4846I , Rijken : 
oC = O.45716 ). Our F/(F+D) - ratio for the scalar nonet is different 
from the one obtained by Rijken ( oL 0.736), but this may be due 
to the different octet-singlet mixing angles for the scalar nonet 
S ( Rijken obtained θ = 8.9 degrees = 0.155 radians ). 
In table VIII,4 we have listed the other coupling constants that play 
a role in the YN interactions. They can be obtained from table VIII,1 
and equations (V,3,8). 
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2. The nucleón - nucleón system 
The nuclear bar phase shifts resulting from our fit are listed in 
table 5· We got a X /datapoint = 5.9 with respect to the nucleon-
nucleon data represented by the phase shifts at the six energies from 
Т 1 а Ъ= 25 MeV to Τ χ ъ= 530 MeV. We did not fit for the phase shifts at 
T, ,« 425 MeV because, in our opinion, the inelasticity is already too 
large then. But we have included the calculated phase shifts at this 
energy in the tables and the figures, in order to see the behaviour 
of the phase shifts for larger energies. For reasons of comparison we 
have listed also the nuclear bar phase shifts resulting from the fit 
to the nucleon-nucleon data 
These are given in table 6. 
excluding the S waves (% /datapoint « 2.35). 
We have depicted the nuclear bar phase shifts of the overall baryon -
baryon fit for the nucleón - nucleón system in figs. 3 - 1 0 , together 
with the results of the analysis of the group at Livermore. We shall 
discuss these results a little bit by comparing them with the results 
of some other similar models. In the first place we consider the models 
of Nagels [Na 75] and Rijken [Rij 75} , in which the non-relativistic 
Schrödinger equation is employed with local potentials. Furthermore we 
take into account the results of Bryan and Gersten [Зг 72] and of 
Erkelenz, Holinde and Machieidt [Er 74]. Note however that these authors 
have fitted only the nucleón - nucléon data. 
In table 7» the chi - squares of these models are displayed with respect 
to the "experimental" phase shifts of [blG 69] for each partial wave 
2 
separately. We notice that in calculating the χ with respect to the 
phase shifts, we do not take into account the correlations between the 
different partial waves in their representation of the experimental 
2 
data, i.e. we do not obtain the X. with respect to the data itself. 
Nevertheless we think it useful to look at the partial wave phase shifts 
separately because it is the easiest way to compare theoretical models. 
We had no numerical values of the phase shifts of [Er 74J » so we had 
to extract these values from their graphs. V/e don't have the result 
2 
of their model for the higher partial waves or a total X with respect 
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49.48 
8.66 
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78.74 
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1.94 
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4 .03 
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-0 .44 
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95 
24.14 
7.65 
- 1 2 . 1 1 
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4 0 . 0 1 
- 1 2 . 3 8 
2.96 
3.53 
18.85 
11.19 
0 .72 
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1.46 
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2 .14 
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13.25 
2.10 
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26.46 
-16.43 
3.56 
5.32 
24 .91 
14.10 
0.94 
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-2 .97 
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3.07 
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4.96 
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1.24 
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1.05 
- 6 . 2 5 
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- 2 1 . 0 0 
12 .21 
- 2 0 . 2 0 
4 .50 
7.29 
28.95 
15.67 
0.86 
- 2 . 4 5 
-3 .66 
-3 .16 
5.30 
-2 .96 
6.27 
0.99 
5.58 
1.67 
0 .34 
-1 .22 
-1 .29 
- 0 . 8 7 
-0 .36 
- 0 . 5 3 
1.96 
330 
-15 .11 
-19.46 
-22.59 
-27.72 
-5.74 
-23.16 
6.07 
8.51 
28.80 
14.96 
-0 .48 
- 1 . 2 1 
-4 .68 
-4 .47 
7.73 
-4 .69 
7.26 
1.64 
8.41 
3.12 
0.52 
-1 .63 
-1 .77 
-1 .34 
-0.25 
-1 .04 
2.96 
425 
- 2 5 . 1 3 
-28.42 
-26 .10 
-32 .37 
-16 .60 
- 2 3 . 5 1 
7.07 
7.84 
25.95 
13.14 
- 2 . 4 4 
- 0 . 2 9 
- 5 . 6 3 
- 5 . 5 4 
8.19 
- 5 . 5 5 
7.44 
2.13 
10.07 
4.06 
0.54 
- 1 . 7 7 
- 2 . 0 2 
- 1 . 6 3 
-0 .02 
- 1 . 4 1 
3.56 
Table Vili.5. The nuclear Ъаг phase shifts in degrees for nucleón -
nucleón scattering resulting fron the overall Ъагуоп -
Ъагуоп fit. 
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15.36 
1.02 
-2.67 
-3.68 
-3.05 
5.00 
-2.90 
6.14 
0.95 
5.48 
1.59 
0.33 
-1.20 
-1.27 
-0.85 
-0.35 
-0.52 
1.93 
330 
-
-17.68 
-21.32 
-27.68 
-
-
-
9.65 
25.28 
14.76 
-0.02 
-1.59 
-4.82 
-4.23 
7.07 
-4.58 
7.07 
1.57 
8.21 
3.00 
0.54 
-1.62 
-1.75 
-1.30 
-0.22 
-1.02 
2.92 
425 
-
-26.66 
-21.92 
-32.47 
-
-
-
9.66 
21.92 
13.05 
-1.69 
-0.73 
-5.91 
-5.18 
7.28 
-5.43 
7.19 
2.07 
9.74 
3.92 
0.60 
-1.78 
-2.01 
-1.58 
о.оз 
-1.39 
3.50 
Table Vili.6. The nuclear bar phase shifts in degrees resulting from 
the fit to the nucleon-nucleon data in which the 
S waves are excluded. 
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phase 
shift 
Ч)(РР) 
3
Р 
ι 0 
: 
,
ε
ι 
ч 
Ό2 
ρ 2 
5F £ 
,
C2 
F5 
F
' 
"5 s 
Cj 
°4 
Ε 4 
£ 4 
Χ /datapnt. 
this 
work 
141. 
188. 
14. 
32. 
20. 
14. 
20. 
6.2 
18. 
55. 
7.6 
18. 
3.3 
17. 
22. 
0.57 
9.7 
3.5 
1.5 
13. 
3.7 
42. 
3.9 
idem 
no S 
_ 
172. 
14. 
44. 
-
10. 
5.0 
21. 
5.2 
9.9 
3.2 
11. 
17. 
0.67 
9.5 
2.6 
1.7 
14. 
3.5 
34. 
2.4 
[Rij 75] 
30. 
5. 
26. 
13Θ. 
18. 
15. 
10. 
78. 
14. 
5. 
7.3 
13. 
4.6 
2.4 
40. 
О.63 
10. 
5.4 
1.5 
17. 
3.0 
21. 
2.2 
TNa 75] 
18. 
32. 
38. 
91. 
23. 
23. 
19. 
77. 
11. 
25. 
8.0 
40. 
4.8 
1.8 
4L 
0.55 
10. 
4-9 
1.6 
16. 
2.9 
21. 
2.4 
[Br 72] 
75. 
З . 
34. 
93. 
18. 
θ. 
11. 
27. 
81. 
11. 
5.3 
9.5 
3.5 
7.0 
23. 
1.1 
10. 
4.8 
1.1 
13. 
з.з 
37. 
3.3 
[Er 74] 
5.8 
15. 
4.5 
7. 
21. 
12. 
12. 
83. 
15. 
72. 
5.2 
8.6 
? 
Table VIII.7. Chi - squares with respect to the phase shifts of the 
analysis of the group at Livermore [ÏIG 69З» for gome 
models. 
The phase shifts of [Er 74]are read from graphs. 
2 1 
In the calculation of the -)C for the wave Ρ the 
dubious phase shift at T, ^=50 MeV has been excluded. 
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to the data. 
Let us begin with the phase shifts of the S state. The chi-squares 
given in table 7 are calculated with respect to the proton - proton 
phase shifts. In the models of Nagels and Rijken, the (non-relativistic) 
Coulomb interactions are taken into account, in the work of Bryan and 
Gersten a correction for the Coulomb effects had heen used and in the 
other cases these effects are neglected. We think that this will not 
2 
influence the X significantly. We find large differences among the 
models. РгоЪаЪІу the low values obtained by Nagels and Rijken are due 
to the fact that they use a separate hard core for the Sfi state. The 
(in this case) extremely low value of [Er 74J niay be explained by the 
fact that these people fit the phase shifts directly ( they don't fit 
the nucleón - nucléon data itself) and only the lowest partial waves. 
In 3. we don't see such large differences. A striking feature is that 
the non - relativistic models of Nagels and Rijken fit the phase shifts 
at low energy very well ( may be because of the fact that they fit the 
binding energy of the deuteron with their hard core ) but deviate more 
at the larger energies. Although there might be some troubles with the 
phase shift analysis experimentally ( consider f.i, the fc. - parameter 
at T. ,» 330 MeV and 425 MeV), their phase shifts at larger energies are 
systematically higher than the phase shifts resulting from the rela-
tivistic 0БЕР - models. It could be that momentum dependence plays a 
role here. 
Let us consider the Ρ - waves. They are best reproduced by the model of 
fEr 74J because of their procedure ( see above ). As can be seen from 
the table, our P„ phases are awkward. For the higher energies, these 
phase shifts are systematically too low. Obviously we don't have enough 
attraction. Notice that adding attraction in the Ρ_ state would result 
in a higher phase shift at Τ. , = 50 MeV. Indeed the other models do not 
reproduce this phase shift very well. It turns out that it is not easy 
to improve the P
n
 phases. The second fit in which the S waves are 
3 
excluded does not reproduce the P 0 phase shifts either. On the other 3 1 hand, the P. and P, phases are much better than the corresponding 
phase shifts obtained by the models of Nagels, Rijken or Bryan and 
191 
з 
Gersten. From fig.4 we find that the P_ phase shifts are going down 
again for larger energies, thus spoiling the fit. The fit without the 
2 
S waves gives a better X hut has the same behaviour. This bending 
down is a feature common to all relativistic OBEP - models, we don't 
see this in the models of Nagels and Rijken. 
3 3 Our D wave phases are very well. The D. and D_ phase shifts are 
comparable with the results of [Ш 75] , [Rij 75] and |jär 74] . [Br 72] 
5 3 
give better D. phase shifts but their reproduction of the D„ state is 
3 
bad compared with the others, ile obtain good D„ phases in the second 
fit may be because of the fact that we don't have to fit the C. in 3T 
1 
this case ( see [Re 6β] about the £, - D„ contamination ). Our fit 
1 gives a good reproduction of the D„ state although we should like a 
little bit less curvature at the higher energies. Probably the momentum 
dependence is important in this state, because we don't have enough 
curvature in the models that work with local potentials. 
We think it useless to discuss the higher partial waves here. One can 
compare the models in their reproduction of the phase shifts with the 
aid of table VIII,7. One could say that the models don't differ much. 
All models reproduce some phases very well and other ones worse. 
Vie should note that it is not completely honest to compare the models 
only because of their results. The number of free parameters should be 
taken into account too. Nagels uses four hard cores but has only one 
singlet scalar meson. Rijken has the same model but employs a scalar 
nonet. We are using a scalar nonet also, but we have only two form-
factors. Bryan and Gersten have one formfactor but they are looking at 
the nucleón - nucleón interactions only. The group at Bonn looks only 
at the nucleón - nucleón interactions, takes only the lowest partial 
waves into account and uses three formfactors. 
We obtained the following values for the low-energy parameters : 
a„ - - 23.755 fm , r = 2.794 fm , 
S S 
5.391 fm , rt - 1.843 fm 
192 
ag [fm J 
r s [fm : 
a, [fm 3 
r t [fm : 
£ D CMeVJ 
[Na 75] 
-7.814 
2.670 
5.431 
I .771 
2.225 
[Rij 75] 
-7.ез7 
2.686 
5.443 
1.788 
2.225 
[fir 72] 
-23.71 
2.70 
5.39 
1.81 
2.3 
[Er 74] 
-15.46 
2.80 
5.5O 
1.86 
2.223 
[но 75] 
-23.69 
2.68 
5.50 
1.86 
2.224 
Table Vili.8. The low-energy parameters for the nucleón - nucleón 
system obtained by some other models. In the models 
of ¡Na 75] and [kij 75] Coulomb effects are taken 
into account. 
It is difficult to compare these low - energy parameters with those 
obtained by other models because of the different sets of experimental 
data chosen to be used in the fits. Nevertheless we decided to collect 
the low - energy parameters obtained by some other models in table 8. 
The first two authors have included the Coulomb potential in their 
calculations. Therefore they are able to fit the proton-proton low-
energy parameters directly. The effective range expansion is different 
when electromagnetic interactions are present, but the experimental 
numbers they should reproduce are 
a s P _ " 7* 8 2 5 - ° · 0 1 f m » r s P " 2* 7 9 4 - ° · 0 1 5 f m 
The group at Bonn first tried to fit the Sn low - energy parameters for 
the proton - proton system employing a correction for the Coulomb 
effects [Er 74 J » [Er 74 J · Later they used the proton - neutron 
values ( in their paper [Ho 75] )» as has been done by Bryan and 
Gersten and in this work. 
The binding energy of the deuteron was input to the fits of Nagels and 
Rijken and of the group at Bonn. Nagels and Rijken fixed this binding 
energy at the experimental value through the S-. hard core. For the 
group at Bonn [Er 74І,[но 75Î a fit of the binding energy was crucial 
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because of their interest in nuclear matter calculations. In our case 
and in the case of Bryan and Gersten, £ j . ras calculated afterwards, 
ffe obtained a value of 2.340 MeV for the binding energy which is not 
too bad. It cannot be far off when the scattering length and the 
effective range of the S, state are reproduced well. 
Employing the programs which solve the equations for complex momenta, 
we are able to test the validity of the two term effective range 
expansion around the threshold : 
к К'
1
 = - ì + -k г к2 
а 
where the К - matrix is defined by (see section VI.2) 
К - ( 1 + i Τ')" 1 Τ' » 
and in which к is the centre of mass momentum. Figs.11 and 12 show the 
results of the calculation of к К™ by solving the complex BSLT -
3 1 
equation ( continuous line ) for the S, state and the S Q state 
respectively. In the energy range considered ( from T. , « 2 MeV above 
threshold to about 6 MeV below the nucleón - nucleón threshold ), the 
effective range expansion is very well satisfied. In the case of S. 
we have a slight deviation from the effective range formula ( broken 
3 3 
line). Note that the S, wave is coupled with the D. state whereas 
3 3 in the effective range formula no S» - D. coupling is assumed. 
Nevertheless the agreement is excellent. So one may calculate the 
position of the deuteron pole from the effective range formula. Then the 
centre of mass momentum k_ • i | к_ | at the pole is given by 
J + i r kj = i kD 
Finally we checked the influence of the nucleón mass on the results. 
It turned out that by using a value of 938.5 MeV/c for the average mass 
of the nucléons instead of 93S»9 MeV/c ( thus shifting the threshold 
energy 0.8 MeV downwards) the low - energy values including the binding 
energy of the deuteron changed by less than 0.2 $>, 
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3. The ¿I y system 
We have listed the total nuclear cross sections for 21 Ρ scattering 
at the experimental energies in table 9« They are depicted in fig.13. 
As we see, the agreement of the theoretical cross sections with the 
2 
experimental ones is very good. The total TO with respect to the four 
datapoints is 0.18. 
P
n
 [ltoV/oJ 
145. 
155. 
165. 
175. 
°"tot 
140.8 
123.8 
109.5 
97.3 
<r (4) 
137.1 
119.7 
105.1 
92.6 
cr{\) 
1.1 
1.1 
1.0 
0.9 
Table VIII.9. Total nuclear cross sections for £ ρ scattering. 
We discussed already in the first section of this chapter that in order 
1 3 to avoid large attraction in the Sfi and
 yS. state, we had to use large 
values for the mixing angle of the scalar nonet. This results in weak 
3 
repulsive potentials in the S, state. Indeed we find from table 9 
1
 3 
that there is almost no scattering in the S. state. From the low -
energy parameters of the Д ρ system for three models ( table VIII.10) 
we see that in all cases the S, potential is weak and repulsive. 
However the shape of our potential is completely different from theirs 
as can Ъе seen from the effective ranges. The effective range in our 
case is very large and negative, which can Ъе expected from the relation 
CSw 62] : 
b ( 1 - qb/a ) 
in which a is the scattering length, r the effective range, q is some 
number between l/2 and і/З and b is some shape independent length of the 
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parameter 
a
s 
r
s 
a t 
r t 
[Na 75] 
-4.63 
3.73 
0.32 
-6.35 
[Rij 75] 
-4.23 
З.ез 
0.36 
-4.56 
t h i s 
work 
-5.62 
1.73 
0.14 
-28.04 
Table VIII.10. Low - energy parameters ( in fm ) for the nuclear 
_ + 
part of the Σ. ρ interaction for three models. 
a[mb] 
300 
200 
"
J v
 I \ \ 
\ \ 
\ \ 
\ \ 
\ \ \ \ \ \ \ \ \ \ 
\\ \\ 
-
— Σ ρ 
..... Σ ρ
 ; 
total cross section 
— - Σ'ρ 1 
— - Σ"ρ j contribution of the higher partial waves 
V .,.-" 
\ \ *•' 
\^ ^" \ -- ' \ S '' 
" " Ι 1 1 Ι 
100% 
50% 
0.1 0.2 0.3 0.4 0.5 
pjGeV/c] 
Pig.VIII.15. Total nuclear cross sections for £ ρ and £I~P elastic 
scattering and the contribution of the partial waves 
with J > 1 to these cross sections. 
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of the order of the range of the potential ( r = Ъ when we have one 
hound state just at threshold). The weakness of the S. potential makes 
the value for A;-,0i and a. and r, very uncertain. We could vary the 
formfactor in the irreducible representation lio} from 500 MeV to 
+ 5 
I5OO MeV without destroying the fit to the £ ρ data : then the S. 
cross section varied hetween 3.43 mb and 0.01 mb. At the same time the 
Ξ, scattering length varied from 0,042 fm to 0.256 fm, the effective 
range from - 335 fm to - 11 fm. 
In fi&.14 the predicted total nuclear cross sections are shown for the 
Σ, ρ system for p. , up to 56О MeV/c. Unlike Nagels and Rijken, we do 
not have a bump in the total cross sections. In our case, the total 
cross sections are monotonically decreasing whereas the contribution 
of the higher partial waves to the total cross sections is monotonically 
increasing over the whole energy range. 
4, The Σ τ system 
As in Σ ρ scattering, we compared the theoretical cross sections with 
the experimental ones by calculating these numbers at the middle of the 
corresponding experimental energy bin. The results for the £"p inter­
actions are given in tables 11 and 12. In fig.VIII.14 we have shovm 
the total nuclear cross sections for elastic £ ρ scattering for a 
momentum between 100 MeV/c and 200 MeV/c compared with the experimental 
data. The results for inelastic £~p scattering are depicted in figs. 
16 and 17. Again we find a good agreement of the theory with the experi-
2 
mental values. For 19 datapoints we obtained a total TL of 16.8, The 
,0 datapoint at ρ = 110 I.IeV/c for the reaction 5J~p —» 23 η gives a 
contribution 03 
cross section. 
2 
of 5.3 to the total X but one could question this 
Note that the elastic scattering cross sections in the S. state are 
1 l 
larger than in the S
n
 state, indicating an important contribution of 
the interactions in the I=§- system. But as with £ p, there is almost 
no structure in the total cross sections as function of the momentum 
for р 1 а Ъ between 100 MeV/c and 56О MeV/c (see fig.VIII.15). 
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ъ
а
 
•
н
 
fe 
200 
ρ ГМе /cJ 
135.0 
142.5 
Η7.5 
152.5 
157.5 
162.5 
167.5 
^ t o t 
157.4 
148.3 
142.6 
137.3 
132.3 
127.6 
122.7 
cr(\) 
46.6 
45.5 
44.8 
44.0 
43.3 
42.5 
41.8 
σ(\) 
107.9 
99.5 
94.3 
89.5 
84.9 
80.6 
76.3 
ТаЪІе Vili,11. Total nuclear cross sections in тЪ for 
£~p elastic scattering. 
ρ [MeV/c] 
110. 
120. 
130. 
140. 
150. 
160. 
Σ " ρ — > Λ η 
211.4 
178.4 
152.6 
131.9 
115.2 
101.1 
Σ " Ρ —*• £• η 
171.3 
151.7 
135.0 
121.0 
109.2 
99.0 
ТаЪІе VIII.12. Total nuclear cross sections in mb for 
the inelastic ZL ρ reactions. 
Vie have shown the total nuclear cross sections for the reactions 
Σ. P *· Λ η and £~p — * - Σ > η in fig. 18. In the same figure, we have 
drawn the graph for the capture ratio in flight, defined as the ratio 
of the number of Σ. Ρ events in which ϋ particles are produced over 
201 
a[mb] 
300 -
Pj-M/c] 
Pig .VIII .18 . Total nuclear cross sect ions for the i n e l a s t i c r e a c t i o n s 
Σ~ρ » Λη and Z~p »- Л η and the capture r a t i o 
in f l i g h t . 
the total inelastic events at the considered momentum i.e. 
rp - # Z° / ( # Σ
0
 + # Λ ) , 
or 
cT-tot(Z-p-^Z°n) 
σι
η+
(Σ"ρ—•ε0!!) + σ; .(л-р—•Λη) 
'tot tot' 
7/e note that the capture ratio in flight may Ъе influenced Ъу the 
breaking of the isospin symmetry through the masses of the participating 
haryons, especially at the lower energies. We have seen this with the 
capture ratio at rest. For this capture ratio one assumes that the У.~ 
interaction takes place in the S waves. Furthermore one makes the 
assumption that I/4 of the interaction takes place in the S_ state and 
3/4 in the 5 S X state. 
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Then one obtains : 
СГЧГРІЧГ-<>Х°*ч\) 
г
с 
+ 4 
4
 ОЧХГРІЦ,—+Z°n t \) * <r{E"vi\—+A*t\) 
<r(z-y,\—*i:0nt\) 
4
 CT(S'p; 3 S 1 ^Z°n; 3 S 1 ) + c r ( 2 _ P 5 5 S 1 • Л П І ^ ) + c r ( E - p ; 3 S 1 - ^ A n ; 5 D 1 ) 
to be calculated at the ¿I~p threshold. In practice we do this calcu-
lation at ρ =15 Ие /с. rfe obtained a value of r~- 0.2261, which is 
far off the experimental value. But we knew already that the isospin 
symmetry breaking has a large effect on the capture ratio at rest. 
We could do the same calculation, assuming that we have to relate the 
energy to the Σ. η threshold instead of the Z~p threshold. Then we 
should calculate the capture ratio at rest at ρ = 139 MeV/c. We got 
r~ • О.4596 which is remarkably close to the experimental value. 
5. The Λ ρ system 
The results of our fit for the Λ ρ system are shown in table VIII.13. 
Again the fit is very good. We obtained a total chi - squared of 6.9 
for the 12 datapoints. We have included in the list also the cross 
1 3 
sections for the interactions in the S_ and S. state. Note the large 
contribution of the S 7íaves in the Λρ interactions : at ρ = 300 MeV/c 
only 2,3 І' of the total cross section is due to the higher partial 
waves. In fig. VIII.19 the total Λρ cross sections are shown for the 
momentum range p. , « 100 MeV/c up to 350 MeV/c compared with the 
experimental data. 
The total Λρ cross sections at higher energies are shovm in fig.20, 
together with the results of Kadyk et al.[ka 71j in this energy region. 
There is a remarkable structure in the cross sections here. In the first 
place we observe a large cusp at the ΣίΝ threshold. This cusp is due to 
threshold effects in the S, state and is present also ( even more 
pronounced ) in the work of Nagels and Rijken. As in there case, the 
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ρ [Ме /с] 
Λ 
135. 
165. 
195. 
225. 
255. 
300. 
145. 
185. 
210. 
230. 
250. 
290. 
°~ о 
243.7 
178.4 
131.9 
99.8 
75.8 
51.3 
219.2 
146.7 
114.8 
95.3 
79.3 
55.8 
er ( \ ) 
157.0 
106.3 
76.8 
55.9 
41.4 
27.2 
138.2 
86.1 
65.4 
53.1 
43.5 
29.8 
cr(\) 
86.6 
69.9 
54.7 
43.3 
33.7 
22.9 
80.8 
60.3 
49.0 
41.6 
35.1 
24.9 
ТаЪІе Vili.13.The total Др cross sections in mh at the 
energies covered by the experiments. 
parameter 
a
s 
r
s 
a t 
r t 
[Ha 75] 
-I .96 
З.67 
-1.93 
З.27 
[Rij 75] 
-2.43 
З.ЗО 
-1.87 
З.46 
t h i s 
work 
-4.96 
1.18 
-1.25 
I.92 
Tahle VIII.14. Low - energy parameters for the Λ ρ system 
as obtained Ъу the models of Nagels [ila 75] 
and Rijken [Rij 75] ( with charge symmetry 
breaking excluded) and in this work. 
Fig.Vili.19. Total Λρ cross sections compared with the Rehovoth -
Heidelberg data f Al 6β] and the Maryland data [Se 6β] . 
cusp is not due to a multichannel hound state, the S. phase shift 
rises only till about 24 degrees. 
Then we have a large hump in the total cross sections at a momentum of 
ρ » 5б MeV/c, i.e. at a total energy of 2112 MeV, 20 MeV below the 
1 
ΣΝ threshold. This bump is due to a resonance in the S_ state as is 
seen from the behaviour of the Λ ρ phase shift in this region ( see 
fig.VIII.21). It indicates a strong attraction ( bound state ) in the 
ΣΝ , I«J S_ system. Experimentally there is no evidence for such a 
resonance, but the energy resolution and the statistics of the 
experiments done in this energy region is poor. The only direct 
measurement of Λρ scattering events at these energies is done by Kadyk 
et al.[Ka 7І] who found 9.5 (weighed) events at ρ - 400 - 500 MeV/c 
and 11.2 events at р
д
 = 500 - 600 MeV/c. 
0[mb] 
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Pig.Vili.20. Total Лр cross sections for р
д
 = ЗОО - lOOO MeV/c 
compared with the results of the Berkeley group pía 71J· 
б I1 S0) [degrees] 
180K 
Pig.VIII.21. S Q phase shift in 
degrees for the Лр 
system at momenta 
from 500 - 630 MeV/o 
(around the resonance) 
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л
 [GeV/c 
206 
In the other experiments, the Λ ρ interactions have to oe extracted 
from multiple scattering events, for example as final state interactions 
in reactions as K~ d —> Λ IT ρ · In these experiments one finds a 
large Ъитр in the Ap invariant mass distribution, a few MeV below the 
ΣΝ threshold [CI 68], [CI 69]. But this Ъитр is possible due to other 
effects fAl 69] and probably concerns the Э, state. As Nagels and Rijken 
3 
we don't see much structure in the S, cross sections except for the 
ousp at the £N threshold. 
As can Ъе seen from the low - energy parameters for the ЛК system 
presented in table VIII.I4, we find more attraction in the S Q state 
than in the S, state indeed. Compared with the results of Nagels and 
Rijken, the difference is even more pronounced. Our effective ranges 
are much smaller than theirs. May he this is due to the fact that they 
use hard cores, we find the same situation in the case of the S_ 21 Ρ 
interactions. 
6. Conclusions 
The main purpose of this work was to find out whether the low - energy 
nucleón - nucleón and hyperon - nucleón interactions could Ъе described 
simultaneously Ъу a relativistic one - boson - exchange - potential 
model and whether this could Ъе done in an SU(3) symmetric way, 
breaking this symmetry only through the masses of the particles. As a 
consequence we assumed isospin symmetry for the interactions and we 
had to drop some important experimental data. Furthermore we had to 
correct for Coulomb effects. 
We can say that we succeeded in giving an affirmative answer to the 
questions above. With respect to the nucleón - nucléon data parametrized 
via the phase shifts, we obtained a χ /datapoint » 3.9. The low -
energy parameters for the nucleón - nucleón system are reasonable 
although one could question our choice of using the np - values for the 
S0 scattering length .and effective range. The binding energy of the 
deuteron was not reproduced very well in view of the small experimental 
errors on that value, but we did not search for it. We have seen that 
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the reproduction of the deuteron binding energy can Ъе used in a fit as 
3 
a constraint on the S, scattering length and effective range via the 
effective range expansion around the nucleón - nucleón threshold. 
η 
For the YN system we obtained X. /datapoint = 0.68 , making the fit 
excellent. But this low value does not mean that a fit to the low -
energy hyperon - nucleón scattering data is easy to make. We have seen 
in the first section of this chapter that we had to use all ambiguities 
left by the fit to the nucleón - nucléon data. The outcome of the 
hyperon - nucléon fit was an estimation of the mixing angle for the 
octet - singlet mixing in the scalar nonet : θ • 0.444 rad « 
• 25·4 degrees, but this value will depend on the mass chosen for the 
£ meson. 
We did not include the capture ratio at rest in our fit, because we 
expected that it would be influenced largely by the isospin breaking 
through the baryon masses. It was quite astonishing that we calculated 
a value of r~ • O.46O (experimentally O.468 + 0.01 ) for it, provided 
we calculate this number at a centre of mass momentum given by the 
centre of mass momentum of the £, д state at the £~p threshold. Another 
striking feature in the YN interactions is the presence of the resonance 
at p. ,« 568 MeV/c, predicted by the model. It should be noted that the 
model does not loose much confidence when the X /datapoint should rise 
to say 1,3.at least when the experimental errors are not overestimated. 
It should be interesting to know how much the parameters could be 
changed within that region and how much the results would differ ( for 
example whether the S0 Лр resonance should be present always ). But 
it will require a large amount of computer time to answer this question. 
Precision fits and more experimental data are needed to distinguish 
between several models. We noted already the differences between this 
model and the models of Nagels and Rijken in the discussion of the 
results. A momentum dependence could give a better representation of 
some partial wave phase shifts, in other cases it could worsen the fit. 
The differences in the shapes of the potentials cause different values 
for the low - energy parameters, but at present the experimental YN 
data are not good enough to discriminate between the models. 
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However these questions have more to do with an attempt to describe the 
Ъагуоп - Ъагуоп interactions as good as possible. But then we should 
extend the model to include all effects which influence the results. 
Then we have to leave the assumption of isospin symmetry and use the 
physical masses of the baryons and the mesons, we should introduce 
charge symmetry breaking and so on. This implies that we have to solve 
the equations for three coupled channels in the case of the Z~p and 
Лр interactions. Of course, for a precision fit it is worthwile to see 
how the Coulomb interactions can be included in a realistic way. 
This is the first combined NN + YN calculation with a relativistic 
0ΒΞΡ model in momentum representation, so vie are not able to compare 
our results with the results obtained by similar models. But there are 
several models of this kind which fit only the nucleón - nucléon data. 
Vie have seen that there is a large variety in relativistic three -
dimensional pseudopotential equations using one - boson - exchange 
potentials, restricting ourselves to that class of models. One could 
use different Green functions or one could define other off-the-mass-
shell or off-the-energy-she11 extrapolations. Even the form of the cut-
off function turned out not to be very important as long as it damped 
the potentials for large momenta and had the right behaviour for small 
momenta. In my opinion, the deviation in the results which one gets 
when one takes another model can be repaired by changing the coupling 
constants and adapting the cut-off parameters. 
It is therefore more v/orthwile to extend the models to include more 
experimental data than to add another effect with mostly another free 
2 
parameter to improve the χ a little bit. Including the YN interactions 
is one step into that direction although one could think of many other 
possibilities ( Regge poles, ΤΓ-It scattering data etc. ), 
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APPENDIX 
Some properties of the d - functions 
(i) Symmetry relations : 
(J) (J) 
d
mn (θ) " dnm ™ 
(J) m-n (J) 
d (Θ) - (-) d (Θ) 
mn
 ч
 ' nm 
(J) m-n (J) 
d (Θ) - (-) d (Θ) 
-m -n
4
 '
 ч
 ' mn
 v
 ' 
(J) J-η (J) 
d (Θ + IT) - (-) ά (Θ) 
mn
 ч
 '
 ч
 ' m -η
 ч
 ' 
(ii) Some d - functions in terms of Legendre polynomials 
(J) 
d00 (θ) = V C 0 S θ) 
d lÎ ^ • 1 ; cos θ [ PJ (°°' θ) + 2ÏÏ7Î V l < 0 0 ' θ) 
1(cos θ)J 2J+1 J-
*Λι<θ> • i . L e [ - pJ ( c o s θ ) + ІШ pj+i(°°s θ) 
+ Ш *j-i<····)] 
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SAMENVATTING 
In dit proefschrift trachten wij de wisselwerkingen tussen de Ъагуопеп 
te beschrijven op een relativistisch kovariante nanier. V/e beperken 
ons daarbij tot de verstrooiing van nukleonen en hyperonen aan nukleonen 
en tot energieën beneden de drempelwaarde voor de produktie van TI -
mesonen. Tot op heden is zo'n beschrijving alleen gegeven met modellen 
die gebruik maken van de niet-relativistische Schrödinger-vergelijking 
met lokale potentialen. I.Ieestal zijn die potentialen afgeleid van die 
veldentheoretische Feynmandiagrammen waarin één boson wordt uitgewisseld 
tussen de Ъагуопеп. Gezien de resultaten van deze modellen hebben we 
gezocht naar een generalisatie daarvan. Op dit moment is het beter om 
in de impulsrepresentatie te werken, onder andere omdat we dan niet de 
moeilijkheden hebben van het berekenen van de Pouriergetransformeerden 
van de potentialen. 
,/e gebruiken de Bethe-Salpetervergelijking als startpunt voor het af­
leiden van een vergelijking die voldoet aan relativistische kovariantie 
en twee-deeltjesunitariteit en die slechts integraties bevat over de 
ruimtelijke komponenten van de impulsen. De resulterende vergelijking 
zullen we, naar Blankenbecler & Sugar en Logunow & Tavkhelidze, de 
BSLT-vergelijking noemen. Zij vereist dat we de potentialen ook kermen 
voor impulsen ρ die niet voldoen aan de relatie ρ ρ/*- = - m (de 
deeltjes bevinden zich dan niet neer op hun nassaschil). Door de Bethe-
Salpetervergelijking (en dus veldentheorie) als startpunt te kiezen 
hebben we een voorschrift verkregen hoe we de potentialen moeten extra­
poleren naar deze waarden voor de inpulsen. Be potentialen zelf zijn 
gegeven door de Feynnandiagramnien v/aarbij êln boson uordt uitgewisseld 
tussen de Ъагуопеп. De interakties tussen de Ъагуопеп en de mesonen 
i/orden beschreven door niddel van interaktie-Lagrangianen, de daarin 
voorkomende koppelingskonstanten worden onze vrije parameters. Бе poten­
tialen zijn verder nog gemodificeerd door vormfaktoren die nodig zijn om 
de vergelijkingen oplosbaar te naken. Ook representeren zij effekten die 
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we tot dusverre niet in rekening gebracht hebben, zoals vertexkorrekties 
en do invloed van zware mesonen. 
De BSLT-vergelijking is een matrixvergelijking en tegelijkertijd een 
integraalvergelijking met drie-dinensionale integraties. Door niddel 
van een partiële-golfontwikkeling kunnen we gebruik maken van het be-
houd van het totale impulsmoment om deze vergelijking om te zetten in 
een aantal vergelijkingen met slechts êên-dimensionale integraties. 
Door over te gaan van de heliciteitsrepresentatie naar de LSJ-represen-
tatie worden, door behoud van pariteit, in de meeste gevallen de verge-
lijkingen nog wat eenvoudiger. 
Tot zover hebben we steeds aangenomen dat de mesonen stabiele deeltjes 
zijn. Sommige mesonen zijn inderdaad stabiel ten aanzien van de sterke 
wisselwerkingen, de meeste hebben zo'n kleine vervalsbreedte dat ze als 
stabiele deeltjes behandeld mogen worden. Er zijn twee uitzonderingen : 
het E - meson en het f - meson. Voor deze gevallen leiden we een 
korrektie af voor het effekt van de grote vervalsbreedte van een meson 
op de propagator daarvan, gebaseerd op een effektieve-drachtsontwikkel-
ing in het TiTt-gyateem. 
De vergelijkingen en de potentialen zijn afgeleid voor het geval dat 
alle kanalen open zijn. Er zijn echter gevallen dat we te maken hebben 
met gesloten kanalen, bijvoorbeeld als we de werkzame doorsneden voor 
Λ P-verstrooiing moeten berekenen beneden de ClI-drempel. ",7e hebben 
daarom een analytische voortzetting gemaakt van deze vergelijkingen en 
potentialen tot waarden van de totale energie waarbij sommige of zelfs 
alle kanalen zijn gesloten. liet behulp daarvan is het bijvoorbeeld 
mogelijk de elementen van de T-natrix te berekenen voor de nukleon-
nukleoninterakties beneden de drempel. De effektieve-drachtsontv/ikkeling 
voor het nukleon-nukleonsysteem rond de drempel blijkt tot aan de singu-
lariteit van het deuteron uitstekend te voldoen. 
',7e maken rigoreus gebruik van isospin-symnetrle, onder andere om het 
aantal vrije parameters drastisch te beperken. Dat betekent dat we de­
zelfde massa gebruiken voor alle leden van eenzelfde isospinmultiplet 
en dat we de elektromagnetische wisselwerkingen tussen de deeltjes 
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verwaarlozen. LIaar dat houdt ook in dat we ons kunnen Ъерегкеп tot ten 
hoogste twee gekoppelde kanalen (ЛН, E N)
 f terwijl er in het oorspron­
kelijke probleem drie Gekoppelde kanalen zijn (Лр, ΣΙ Ρ» ZI n e n 
Λη, Σ> η, ΣΙ ρ). Van de andere kant zijn er nu een paar experimen­
tele £egevens die we niet kunnen gebruiken omdat de daarmee overeen 
komende grootheden te sterk v/orden beïnvloed door de breking van de 
isospin-symmetrie. Dit zijn onder andere de effektieve dracht en de 
verstrooiingslengte in het proton-protonsysteem en de vertakkingsverhou-
ding rc - # L ° / ( # £ ° + # A ) bij de vangst van ^"-deeltjes in 
rust ( # £ is het aantal gevallen waarbij 21 -deeltjes worden geprodu-
ceerd, # Λ idem voor Л-deeltjes). 
We maken ook zoveel mogelijk gebruik van Sïï(3)-symmetrie. We weten dat 
deze symmetrie sterk gebroken is, de massa's van de leden van een 3U(3)-
multiplet bijvoorbeeld zijn vaak erg verschillend, V/e accepteren de 
breking van SU(3)-symmetrie via de massa's van de deeltjes, maar v/e 
houden vast aan deze symmetrie voor de koppelingskonstanten en de vorm-
faktoren. Voor de koppelingskonstanten houdt dit in dat we de relaties 
tussen hen handhaven zoals die worden opgelegd door een interaktie-
Lagrangiaan die invariant is onder SU(3)-transformaties. De enige uit-
zondering vormt de menging van het isosinglet-lid van het oktet met het 
singlet binnen de mesonnonetten, omdat deze menging gerelateerd is met 
de massabreking via de formule van Gell-Mann en Okubo. 
V/e hebben nu nog 17 onafhankelijke parameters over, te weten een oktet-
en een singlet-koppelingskonstante en een P/(F+D) - verhouding voor de 
koppeling van het baryonoktet met de pseudoskalaire mesonen, de skalaire 
mesonen en de vektormesonen (direkte en afgeleide koppeling). Dij het 
nonet van skalaire mesonen is de menghoek, de hoek die de menging weer-
geeft van het singlet en het oktet, eon extra vrije parameter, maar 
daar staat tegenover dat de F/(P+3) - verhouding voor de direkte koppe-
ling van het baryonoktet met het vektormesonnonet is vastgelegd op 1, 
op grond van de resultaten van een aantal theoretische modellen. In de 
baryon-baryontoestanden hebben we te maken met vijf verschillende irre-
ducibele representaties van Sü(3), we hebben dan ook vijf verschillende 
vormfaktoren. De expliciete vorm van deze funkties is niet bekend, we 
hebben laten zien dat deze ook niet van essentieel belang is. Hier 
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gebruiken wij een kwadratische vorrafaktor (dipool). 
Met behulp van daartoe speciaal ontwikkelde rekenprogramna's worden de 
parameters van het model Gefit aan de experimentele gegevens : de fase­
verschuivingen voor de verstrooiing van nukleonen aan nukleonen voor 
energiein tot aan T, , - 530 Пе , de lage-energie-parameters van het 
proton-neutronsysteem en de totale werkzame doorsneden hij de processen 
Σ. Ρ — ^ Z Ρ, Σ "ρ —*·£"ρ» Σ~Ρ —+Ζ. η, ΣΤ ν —*• Λ η en Λρ —*• Λρ. 
діэ resultaat van de fit hebben we een redelijke representatie van de 
nukleon-nukleondata geparametriseerd door de faseverschuivingen ( met 
X /datum = 3.9 ) en redelijke waarden voor de lage-energie-parameters. 
De fit aan de hyperon-nukleon-data schijnt excellent (% /datum • 0.7)» 
maar we moeten daarbij wel bedenken dat de vertakkingsverhouding voor 
de vangst van ^"-deeltjes in rust ( r. ) niet daarin begrepen is. Cok 
de waarden van de koppelingskonstanten wijken niet veel af van de door 
andere modellen verkregen resultaten. Alleen de menghoek voor het ska-
laire nonet wijkt af van de door een ander model ([Rij 75J) voorspelde 
waarde : θ =25.4 graden. Hoer/el deze bepaling gekoppeld is aan de 
bepaling van de F/(?+D) - verhouding voor de skalaire nesonen, schijnt 
het niet eenvoudig te zijn hiervoor kleinere waarden te verkrijgen, ten­
minste als we SU(3)-symmetrie voor de vormfaktoren handhaven. Bedenk ook 
dat we het £ - meson hebben behandeld als een stabiel meson met een 
massa van 5^0 "eV. Het feit dat de verstrooiingslengten en effektieve 
drachten voor de hyperon-nukleonsystemen verschillen van de waarden ver­
kregen door andere modellen is waarschijnlijk gedeeltelijk veroorzaakt 
door het gebruik van vormfaktoren in plaats van harde pitten. Voor de 
vertakkingsverhouding r~ blijken we nagenoeg de experinentele waarde te 
reproduceren nits we deze in ons Isospin-syimetrisch. model berekenen bij 
een impuls die gelijk is aan de impuls in de Z. η-toestand bij de £~p-
drempel. 
Een Λ p-resonantie in de S,-toestand beneden de UlT-drempel is bij ons 
niet aanwezig, maar we hebben wel een flinke "cusp" bij die drempel. 
Ook hebben we een resonantie in de S_-toestand, zo'η 20 i'IeV beneden de 
ΖΠ-drempel. Experimenteel is er geen evidentie voor deze resonantie, 
maar de statistiek is in dit energiegebied nog erg armzalig. 
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STELLINGEN 
I 
Om voor de koppeling van deeltjes met willekeurige spins interactie-
Lagrangianen te kunnen construeren zonder expliciete afgeleiden, voert 
Weinberg vrije velden in die transformeren volgens algemene eindig-
dimensionale irreducibele representaties D(a,b) van SL(2,C). Het is 
beter zioh te beperken tot de irreducibele representaties D(j,0) en 
D(0,j) en de velden te koppelen met behulp van Clebsoh-Gordan-coeffi-
oienten voor de inhomogene SL(2,C)-groep, 
S.Weinberg, Phys.Rev.181. 1893 (1969). 
II 
Het invoeren van een 2тт -potentiaal voor de nucleon-nuoleoninteraotie 
op de manier van Haracz en Thompson is onvolledig. 
R.D.Haracz, R.H.Thompson, Nucl.Phys.B49. 141 (1972). 
III 
De bewering van diverse auteurs, dat in het model van de veotormeson-
dominantie de anomale magnetische momenten van het proton en het neu­
tron leiden tot een lage waarde voor de afgeleide koppeling van het 
U -meson met de nucleonen, is onjuist. 
G.E.Bohannon, P.Signell, Ph.vs.Rev.D10. 815 (1974); 
K.Erkelenz, Phys.Reports 15C. 191 (1974)» 
G.N.Epstein, B.H.J.McKellar, Phys.Rev.DIO. 1005 (1974)I 
A.D.Jackson, D.O.Riaka, В.Verwest, Nucí.Phys.A249. 397 (1975); 
W.N.Cottingham, M.Lacombe, B.Loiseau,J.M.Riohard, 
R.Vinh Mau, Phys.Rev.D8, 800 (1973). 
IV 
Smith en Pandharipande beschouwen Feynman-diagrammen waarin twee TC-
meeonen worden uitgewisseld tussen de nucleonen en waarin de interme­
diaire toestanden NN, Ν Δ , Λ Δ voorkomen. Zij beweren dat in de niet-
relativistische limiet deze diagrammen goed worden weergegeven door de 
één maal geitereerde Bom-terme η in een potentiaalmodel met NN, ΝΔ en 
Д Д als gekoppelde kanalen. De benaderingen die zij daarbij toepassen, 
maakt hun afleiding zeer twijfelaohtig. 
R.A.Smitll·, V.R.Pandharipande, Nucl.Phys. A256. 327 (1976). 
V 
Om gebonden toestanden en resonanties in het nuoleon-antinucleon-
systeem te berekenen, maken Shapiro e.a. gebruik van potentiaalmodeHen. 
Se methode, waarmee zij deze potentialen afleiden uit nucleon-nucleon-
potentialen dienen zij te herzien. 
I.S.Shapiro, Soviet Phys.üsp. 16, 173 (1973); 
0.Schierholz, S.Wagner, Nucl.Phys. B32. 306 (I97I); 
C.B.Dover, Proceedings of the Fourth International Symposium 
on NÑ Interactions, Syracuse (1975), deel II, biz. 37· 
VI 
Om een aantal OBEP-modellen op een eenvoudige manier met elkaar te kun-
nen vergelijken, verwaarlozen Fortes en Jackson een aantal complicaties, 
waarvan het effect groter is dan de verschillen die zij vinden tussen 
die modellen. 
M.Fortee, A.D.Jackson, Nucl.Phys. A175. 449 (1971). 
711 
Het corrigeren van de dracht van een OBE-potentiaal voor een inelas­
tisch prooes, vanwege het feit dat het uitgewisselde meson energie 
transporteert, leidt tot moeilijkheden in het geval van instabiele 
externe deeltjes. Het argument van Risica en Brown om zo'n o orre o tie 
niet toe te passen is eohter onjuist. 
D.O.Riska, G.E.Brown, Nucl.Phys. A153. θ (1970). 
VIII 
Gezien de eisen door sommige vakken in het middelbaar onderwijs en het 
vervolgonderwijs aan de leerlingen gesteld, verdient het aanbeveling 
om op middelbare scholen een vak "rekenkunde" in te voeren. 
IX 
Het moet wetenschappelijk medewerkers bij de ontwikkeling van eigen 
computerprogramma's worden afgeraden deze zo algemeen mogelijk op te 
zetten. 
F.A.Verhoeven, 
7 oktober 1976. 



